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I Introduction

In  an an a ly s is  of loca tion  of f irm s , the assum ption  about m arket 

cond it io n  of a p ro d u c t a lm ost d ictates an ana ly tica l fram ew o rk . T h is  

assum p tion  abou t m arke t cond it io n  is u sua lly  d iv ided  in to  tw o  ca tegories . 

F ir s t  category is an assum p tio n  abou t com pe tit io n . In  th is  case, from  a view  

po in t of m icroeconom ics , any  one of perfect co m pe tit io n , m onopo listic  

c o m p e tit io n , o ligopo ly  or m onopo ly  is assum ed . Second category is about 

spa tia l ex tention  o f m a rk e t . M a rke t is assumed as a p o in t , a l in e ，or a p la n e . 

U su a lly , u nde r these tw o  sets o f assum ptions about m arket va r ious  aspects of 

firm 's  loca tion  are co n s id e re d .

W e h a v e , in  o u r p rev ious  researches , assum ed a perfectly  com petitive 

p o in t m a rk e t , and  ana lyzed  de term ina tions  of a m inim um -transportation-cost 

loca tion  and  of a m in im um -production-cost locationV  ’2) R e la tionsh ip  between 

f irm ’s loca tion  and  cost has been a focal po in t in our prev ious an a ly se s . In  

th is  process we have left ou t cons ide ra tion  abou t re la tionsh ip  between f irm ’s 

lo ca tio n , p rodu c t sales and  re v e n u e . Therefore , in this p ap e r , we w ill add 

re la t io n sh ip  betw een f i r m ’s lo c a t io n , sales and revenue in to  our prev ious 

fram ew ork  of a n a ly s is , the reby  enab ling  us to consider re la tions  of a f irm ’s



location  and p ro fit . T ha t is to s a y ，we w ill assum e a m o n o p o ly ，d iv id e  m arke t 

into cases of a line and a p o in t , and  w ill ana lyze  w h ich  loca tion  w ou ld  p rov ide  

a m onopo ly  firm  w ith  a m ax im um  p ro f it  in  each of these cases.

In  Section II a linear m arke t is a s s um e d . A n d , f i r s t ly , sales area , 

vo lum e of sa le s , and  optim al prices w ill be co n s id e re d . S e c o n d ly , under an 

assum p tion  tha t m ateria ls-producing  sites ex ist in  bo th  sides of a linear 

m a rk e t，we w ill analyze how  s a le s，re v e n u e ，cost and  p ro fit  w ou ld  change as 

a location  of a firm  s h if ts , and  w ill de rive  a loca tion  w h ic h  m ax im izes p ro f it . 

In  Section H I，a po in t m arket and tw o  m ate ria ls-p roduc ing  sites are assum ed 

in  a p lane , and we w ill determ ine a com b in a tion  of loca tion  and price  w h ich  

m ax im izes a m onopo ly  firm 's  p ro f it . Section IV  w ill sum m arize  our ana lys is  

and conclude the p a p e r .

II Optimal Location in Linear Space

C ons iderations  in  th is  section are d iv id e d  in to  the  fo llow ing  tw o cases. 

F ir s t , we w ill neglect a f irm ’s cost, w ill focus on a f irm ’s re ve n u e , and  w ill 

analyze a f irm ’s s a le s , m arke ting  areas and p r ic e s . S e co n d ly , an aspect of 

cost w ill be added to the ana lys is  a b o v e , and  re la tio n sh ip  between a f irm ’s 

location and p ro fit w ill be e x am in e d .

1 A ssum ptions

Basic assum ptions in  th is  section are s tated as fo llow s .

1 ) A  m arket is l in e a r .

2) In  th is  linear m arket consum ers are even ly  d is t r ib u te d . Each  

consum er owns an iden tica l dem and  fu nc tio n  in  the fo llo w in g .

q = a — b(p + tu) (1)

where q is am ount of purchase , p is a f i r m ’s m ill p r ic e , u is a d is tance  from  a 

consum er to a f i r m , t is a fre igh t ra te  , and  a and b are pos itive  param eters  . In
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the fo llow ing  it is assum ed for s im p lic ity  th a t both b and t are 1 ，and tha t the 

va lue  of a is su ffic ie n tly  la r g e .

3) T ran spo r ta tio n  cost is borne  by a co n sum er.

4) In  a lin ear m arke t one f irm  exists and it behaves accord ing  to a 

p r in c ip le  of p ro fit  m a x im iz a t io n .

In  the fo llo w in g , a ssum p tions  re qu ire d  w ill be show n at the beg inn ing  of each 

sec tion .

2 (a) F irm ’s Location  in  an In fin ite ly  L inear M arke t

H ere ，let us assum e th a t m arke t is linear and tha t a firm  incurs  no cost. 

Now  let us suppose  th a t a f irm  is located at a g iven po in t S in  an in fin ite  l in e ， 

as show n in  F ig u re  1 ( A ) ，and  is engaged in  a sale of its p roduc t. A  consum er 

is as sum e d , fo llo w ing  the e qua tio n  (1 )，to ow n a dem and fu n c t io n , a line a-q 

as depicted in  F ig u re  1 (B) . In  th is  case , a f irm ’s m arke ting  area and tota l 

sales w il l  be de term ined  as fo llo w s .

W h en  a firm  sells its p ro du c t at a m ill price  p 1，a de livery  p r ic e , p 2 + u , 

w ill go up acco rd ing  to a d is tance  from  a f i r m , as lines p^m  or p ^n  in  F igure  1 

(A ) . A n d , the q u a n t ity  dem anded  becomes zero at M and N , the po in ts  at 

w h ich  a d e liv e ry  price  is ju s t  equated w ith  a consum er’s dem and price a . The 

po in ts  M  and N are the end p o in ts  of m arke ting  area . T he re fo re , w hen the 

m ill p rice  is p : , a f irm 's  m arke tin g  area is an area M-N. The distance from  a 

f irm ’s loca tion  S to the end po in ts  of m arke ting  area M or N is called a rad ium  

of m arke ting  a r e a , and  is show n  as U . M arke tin g  area w hen a m ill price 

increases to p 2 is de term ined  in  a s im ila r  m a n n e r，and is sh runk  to an area M 、 

N ，. N e x t , u s in g  the equa tion  (1 )，a length of a m onopo ly  f irm ’s m arke ting  area 

can be described  as fo llo w s . T ha t is , since the quan tity  dem anded becomes 

exactly  zero at the end po in ts  of m arke ting  area , the fo llow ing  equation  is 

es tab lished  at those end p o in ts .
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0 =  a — (p + u)

T he re fo re , a rad ium  U of m arke ting  area is expressed as

U =  a —p (3)

T h u s ， m arke ting  area is expressed as 2 (a - p ) .

(A) (B)

U

Figure  1 Formation o f M arke ting  A rea in In fin ite  L in ea r M arke t

N ow , if  a firm  sets up a m ill p rice  at and  sells its g o o d , its de liv e ry  

price goes up as p : - n . T he re fo re , the am oun t of p urchase  by a consum er w ill 

decrease as a distance from  a f irm  gets fa r ,  a long  a dem and curve  show n  in  

F igu re  1 (B) . Since a consum er s itua ted  nex t to a p o in t  S can purchase  the 

good at a m ill p r ice , he w ill buy  a m ax im um  am o un t, dep icted  as S ： in  F igu re  

1 (B) . A  consumer at p o in t K pays a t ra n sp o r ta tio n  cost of k ’ - k . T h u s , its 

de livery  price becomes k ’ and h is  am oun t of purchase  is in  F igu re  1 ( B ) . 

A m oun ts  of purchases by each consum er are show n in  F ig u re  1 (C) . T ota l 

sales in  the case w hen a firm  sets its m ill p rice  at p 1 is show n as an area of a
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triang le  M S 2N in  F ig u re  1 (C) . S im ila r ly , w hen  a m ill p rice  is p 2，a firm 's  

to ta l sales am oun t to a tr ia ng le  M ’S2N，.

A  f ir m ’s to ta l am oun t of sales Q  can be expressed, u s ing  the equation  (1)， 

in  the fo llo w ing  equa tion  (4)..

Q= 2y"o[a-(p + u)] du ( 4 )

Since U is expressed as a - p , to ta l sales Q can be w ritten  as fo llow s as a 

fu nc tion  of m ill p rice  p .

Q  =  (a — p)2 (5)

N ext, let us cons ide r a f i r m ’s optim al m ill price and optim al m arke ting  

a rea . H ere , cost is assum ed to be z e ro , and a m ill price w h ich  b rings  a 

m ax im um  revenue (R) w il l  be de r iv ed . Revenue (R) can be expressed as the 

fo llow ing  equa tion  (6).

R =  P  • Q  (6)

A n  op tim a l m ill p rice  can be ob ta ined  by d iffe ren tia ting  the equation  (6) w ith  

respect to p and  by e qua tin g  it to ze ro . N am e ly ,

dR/dP =  a2—4ap+3p2= 0 ( 7 )

T hu s , an op tim a l m ill p rice  p *  is

P * = a / 3  ( 8 )

M o re o v e r , an o p tim a l m arke tin g  area becom es，us ing  2 (a - p ) ，4 a /  3 . T otal 

sales in  th is  case is (2 a /  3 ) 2 . F u r th e rm o re , in  th is  case, a location of a firm  

is of course at the center of m arke ting  area .

2 (b) A  F ir m ’s Location  in  a F in ite  L inear M arke t

In  th is  section  we w il l cons ider a firm 's  location and an optim al price in  a 

fin ite  linear m arke t, a le n g th , as show n in F igu re  2 (A ) . Here it is also 

assum ed th a t a f i r m ’s cost is zero .

Now let us suppose th a t a f irm  is s ituated at a po in t S ，a g iven distance x



from  a po in t M in  F igu re  2 (A ) and  th a t it sells its good at a m ill p rice  p r  

A m oun ts  of purchases by each consum er is de term ined  by a dem and  cu rv e , as 

show n in  F igu re  2 (B) . T hus a f i r m ’s to ta l sales Q  are described as in  the 

fo llow ing  equation (9).

一.-x--»|----- 1—X-----
«---------------- 1-----------------今

F igure  2  F irm ’s Loca tio n  in F in ite  L in ea r M arke t

J  [a —(p+u)]du+J [a—(p+u)]du (9)

A  f irm ’s revenue (RJ is ob ta ined  by m u lt ip ly in g  p w ith  the e qua tion  (9) as 

fo llo w s .

R = p • Q (10)

A n  op tim a l location of a firm  is o b ta in ed  by d iffe re n tia t in g  the equa tion  (10) 

w ith  respect to x and by equa ting  it to ze ro . N am ely  T

dR/dx~—2px+lp= 0 (11)

T herefore an optim al location x *  is de rived  as fo llo w s .

x *  ニ  1 /2  (12)
T his  te lls  that a f irm ’s op tim a l loca tion  lies at the  center of a g iven  m arke t. 

T his means tha t in  F igu re  2 (A ) a f irm  w ill locate at a center C in  the m arke t
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M-N.

N e x t , d if fe re n tia t in g  the equa tion  (10) w ith  respect to p and equating  the 

re su lt to zero g ive  us a f irm 's  optim al m ill price:

dR/dP =  — x2+ lx—21p —l2/2 + a l = 0 (13)

T he re fo re，

p —1/21( —x2+ lx—l2/2 + al) (14)

Since an o p tim a l loca tion  is 1 /  2 , subs titu tion  of 1 /  2 into x gives an optim al 

m ill price p *  as fo llo w s .

p*=a/2  —1/8 (15)

A s show n in  the equa tion  (15), a f irm ’s optim al price depends on the length of 

m a rk e t，and as a length, gets longer , it  goes d o w n . T h is  certa in ly  d iffers from  

a f irm ’s p r ic in g  in  an in fin ite  linear m arke t.

3 A  F ir m ’s Location  and P ro fit in a F in ite  L inear M arket

A s w as clear from  our cons idera tions in  a prev ious section , a f irm ’s 

loca tion  w h ich  makes revenue the largest in  a linear m arket is a center of 

m arke ting  a r e a . O n  the o ther h a n d , as our p rev ious d iscussion  on location 

and cost c lea rly  dem onstra te d , a f irm ’s location w h ich  incurs  a m in im um  cost 

in  a linear space lies at end po in ts  of a linear spaceデ ’4) It fo llow s tha t a f irm ’s 

loca tion  w ill d i f f e r , depend ing  on w h ich  v iew po in t (cost or revenue) is 

t a k e n . rh e re fo re , in  th is  section the fo llow ing  problem  w ill be cons ide red . 

N am ely , if there  ex ist m a te r ia l sites at A  and B in  F igu re  3 and consumers are 

d is tr ib u te d  a long  a line  A B , w h ich  location w ill make a firm  m axim ize its 

p ro fit?  To solve th is  p rob lem  some more assum ptions w ill be added to our 

bas ic  assum p tions  m entioned  in  Section 1.

3 (a) A ssum p tio n s

1 ) Good Z so ld  by  a firm  is produced w ith  m u tua lly  substitu tab le  

m ate ria ls  A  and  B_ P roduc tio n  func tion  is w ritten  as fo llo w s .
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Qz = TAaB (16)

where Q z is am ount of Z p ro d u c e d , ア ， ひ ，and are pos itive  cons tan ts , 

w ith  a re la tion  tha t ひ 十 " = 1 . The r e f o r e，a p ro duc tio n  fu n c tio n  is of 

homogeneous degree 1 . I n the fo llo w ing  we assum e th a t equa ls  1.

2) M a te ria ls  A  and B are p roduced  at A  and  B ，re spec tive ly , in  F igu re  

1 . Mi l l  prices of each m ate ria l are PA and  P B re spec tive ly .

3) F re igh t rates of m ateria ls  A  and B are 1 ，and  tran sp o r ta tio n  costs are 

borne by  a f i r m .

4) Consum ers are evenly d is tr ib u te d  on a line  connecting  m a te r ia l sites A  

and B . The length o f a line is 1.

U nde r these assum ptions above and p rev ious  a ssum p tions  in  Section 1 we 

w ill analyze  re la tio nsh ip  betw een a f i r m ’s lo ca tion  and p ro f it .  In  the 

fo llo w ing , we w ill also take a close look at w h a t im pac t p rices of m ate ria ls  A  

and B w ou ld  g ive the re la tio n sh ip  betw een lo ca tion  and p r o f i t .

3 (b) A  F irm ’s Location  and P ro fit

F ir s t , let us c la r ify  re la tio n sh ip  betw een a f i r m ’s loca tion  and p ro f it . 

N o w , in  F igure  3 , if  a f irm ’s loca tion  S is expressed as a d is tance  x  from  a 

m ateria l site A , a f irm ’s revenue R  is , by  m u lt ip ly in g  a m ill price  (th is  is 

s im p ly  called ”p r ic e ” hereafter) w ith  sales ca lcu la ted  in the equa tion  (9)， 

expressed in  the fo llow ing .

P a P  P b

•----------- -i--------------------------------- o

A S  B

-- x-- ►------- 1—x--------►

F igure 3  F in ite  L inea r M a rke t and M a te ria l P roducing S ite
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(a—(p+u))du+ / (a —(p+u))du (17)

R = p (—x2+lx—12/2 —lp+al) (18)

N e x t , cost w ill be ca lcu la ted  as fo llo w s . F ir s t , for the use of op tim al 

m ate ria ls  A  and  B , since p rice  ra tios  of each m ateria l is equated w ith  ra tios  of 

m arg ina l p ro du c tiv it ie s  of each m a te r ia l, the fo llow ing  equation  (19) w ill be 

estab lished  fo r a f irm .

x + P. aAQ
(l-x) + PB ~ /3AaB ^

The equa tion  (19) can be trans fo rm ed  as fo llo w s .

( i -
十Pa

x) +P b

[ +  P a

-X) +  ]

a / B

(19)

(20)

(21)
( 1— X )十 p B

From  the equa tions  (20) and  (21), quan titie s  used of m ateria ls  A  and B , A  ’ B .

are s h o w n , re s pe c tiv e ly , in  the fo llow ing .

(1 一 x) + pB •立.。i/e 
x+pA /3 .

x + p ^

_(1—x) + p
1 .

Qz

(22)

(23)

1 h e re fo re , a firm 's  cost C is , m u ltip ly in g  quan titie s  used of each m ateria l 

w ith  its de live red  p r ic e , show n  in the fo llow ing  equation  (24).

(1—x) + pB . aC
X  +  Pa 曰

Q2

〔 +  Pa

■x) +
— . i  

Pb a Q 2

(Pa+ x )

((1 — X) +  P! (24)

The equa tion  (24) can be trans fo rm ed  as



C = ((l-x)+pB)1_a(x+pA)a( f ) Qz

+ ((l-x) + pB)1_a(x+pA)a(-j|-) Qz (25)

It fo llow s that

C =  Q Z((1— x) +  pB)1_a(x+pA)a ( f ) + ( f ) (26)

Since Q z is given by the equation  (9 )，a f irm ’s cost C is expressed as a fu nc tio n  

of x be low .

C = (—x2+lx—12/2 —lp + la)(l —x + P b^x+ Pa)、

From  the equations (18) and (27)，a f ir m ’s p ro fit  can  be w r itte n  such as

n =( —x2+lx —12/2 —lp+la) •

p—(1—x+pB)1_Qf(x+pA)a^ ^  ) (28)

3 (c) A  F irm ’s Location and O p tim a l P rice

A  f irm ’s p ro fit  is , as show n in  the equa tion  (28)，expressed as a fu nc tio n  

of a f irm ’s location x and price  of its good p . T h u s ，let us ana lyze  how  op tim a l 

price w ou ld  change as a f irm ’s loca tion  s h i f t s , by d e r iv in g  o p tim a l p rice  of 

good from  the equation  (28) . O p tim a l p rice  p *  can be o b ta ined  by 

d iffe ren tia ting  the equation  (28) w ith  respect to p and  by equa ting  it to z e ro .

d 7r/dp=(—x2+lx—12/2—pl+al)

+  p - ( l  — X  +  P b )1ィ ( p A+ X ) a . ( ^ g  (— 1 )

ニ 0 (29)

O ptim a l price p can be c a lc u la te d , from  the equa tion  (29), as fo llo w s .
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p*=l/2 屮—x2+lx—l2/2 + al)

+  1(1 — X + p B)1~a (x  +  p A)a * ^ - ^ j  . +  ) ⑶ ）

O f co u rse ，here we w ill p resuppose  such a va lue  of a tha t makes the firs t term 

in  the b racke t of the e qua tion  (30) ■ N o w , th is  op tim a l price p is a func tion  of a 

f irm ’s loca tion  x . D iffe re n tia t io n  of p w ith  respect to x w ill enable us to te ll 

how  p w ou ld  change as a f irm  sh ifts  its lo c a tio n . F irs t d iffe ren tia tion  is 

g iven in  the fo llo w in g .

dp*/dx=—2 x + l+ l((f)  + ( # ) ) .

(1—x + Pb)1—aa(x + pA)a_1—(1—a)(l—x+pB)_a(x + pA广 (31) 

T he re fo re ， if  a  and  pA = p B , a curve of p *  w ill have its m ax im um  at the 

center of m arke t. N ex t, second d iffe ren tia tion  is given as fo llo w s .

d2p*/dx2= —2 —l ( ( f )  + ( j )  )[«(!-«)•

As is know n  from  the e qua tion  (32)， th is  second d iffe ren tia tion  becomes 

ne g a tiv e . T h u s , op tim a l p rice  p *  becomes a concave fu n c tio n , as show n in 

F igu re  4 . It  is assum ed in  the curves of a—b and a ’一b ’ tha t 1 = 2 , ひ ニ /9 = 

0 . 5 ,  and P A = PB = 1 . 5 ， o r ， ex = /9 = 0 . 5  and P A = PB = 0 , 15 .
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F igure  4  F irm ’s L o ca tio n  and Optimal P ric ing

3 (d) F irm ’s Location and A m o u n t of Sales

Q uan tity  sold of good Q z is show n  as — x 2 十 1 x — 1ム/ 乙一 lp  十 a 1，and  

price w h ich  a firm  imposes upon  is g iven by the  e qua tion  (30).1 h e re fo re，Q z is 

obta ined as a func tion  of a f i r m ’s lo ca tion  x .

N am e ly，substitu tion  of the equa tion  (30) in to  p gives the fo llow ing  equa tion

D iffe ren tia tion  of Q , w ith  respect to x g ives us a c lear p ic tu re  of how  am ount 

of sales of good w ou ld  change acco rd ing  to a f i r m ’s lo c a t io n . F ir s t  

d iffe ren tia tion  is g iven as

dQz/dx = - x + l/2 _ l/2 ((f) + ( # ) ) .  

—(1—a)(l—x + pB)—a(x+pA)a+a(l —x+pB)1_a(x+pA)a_1 (34)

Qz= l/2 —x2+lx—l2/ 2  + a l—K I - x + P b )1'

(33)

F u r th e rm o re , second d iffe ren tia tion  is w r itte n  as
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c f Q z / d x ^ — 1 +  1 / 2 ( ⑷ 1_% ⑷

Q(l-a)(l-x + pB)~(1+a)(x+pA)Q- J1 + 1 x^ P B | (35)

i- igure 5  F irm ’s Loca tion  and Amount o f Sa les

Signs of f ir s t  and second d iffe ren tia tion s  are obta ined from  the equations (34) 

and (35). These w ou ld  v a r y , w hen  the values of 1 ，ひ and  曰 are assumed 

cons tan t, a cco rd ing  to prices of m ateria ls  A  and B , P A and PB. N am ely , sales 

q u an tity  Q z can be bo th  convex and concave fu n c tio n s . C urves a—b and a，一b ’ 

in  F igu re  5 show  ty p ic a l m ovem ents of Q z . Fo r curves a—b and a，一b ’ ，w hen 1 

= 2 ， o: = / 9 = o . 5  and a = 1 0 ,  it is respective ly  assumed tha t PA = PB = 0 .1 5  

and P 、= PB = 丄. 5 . A s is c lear from  the equation  (36)，Curve a ’一b ’ in  F igu re  5 

w ill have a p o in t of in fle c tion  at po ints A  and B ' .  Heed shou ld  also be taken 

to the fo llow ing  fact: a loca tion  tha t a tta ins  a m ax im um  am ount sales w ill 

v a r y , depend ing  upon  the va lues  of m ate ria l prices; that is , w hen m ateria l 

p rice  is lo w , a m aximum-sales-location w ill be situated at end points of a 

lin ear s p a ce .

o (e) F ir m ’s Loca tion  and  Revenue

A  f irm ’s revenue R is w r itte n  as R ~ P ( ~ 'X " + lx _ l 2/ 2  — p l  +  al). By
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sub s titu t in g  the equation  (30) in to  p in  th is  exp ress ion , revenue can be

expressed as a func tion  of a f irm ’s loca tion  x . T ha t is to s a y ， revenue is g iven 

as

R - l / 1 (—x2/2 + lx/2 —l2/4 + al/2)2

—{.1/2(1—x+Pb)1-a(pA+x)a((責） +(爹）j (36)

How th is  R w ou ld  v a ry  as a f irm ’s loca tion  sh ifts  w ill be kn ow n  by 

d iffe ren tia ting  the equation  (36) w ith  respect to x • F ir s t  d iffe re n tia tion  resu lts  

in the fo llow ing  (3乃.

dR /dx ;(—x2+lx—l2/2 + alx)(—x+1/2)

+ 1/2(1 —a)(l~x+pB)"Qr(x+pA)a

一 al/2(l—x + Pb)1-a(x+pA)a_1((オ) + (爹) ) (37)

F u r th e rm o re , through  d iffe ren tia tion  of the equa tion  (37) w ith  respect to x , 

second d iffe ren tia tion  becomes

d2R/dx2=  —(—x2+ lx—l2/2 + a l f

+2(—x+ l/2)(—x+l/2) + (l —x + pB)一び(x + pA)a_1.

1 + (1 —X + Pb)(X + P a) —(1—x + pB)_a(x + pA)a_1•

[1 + (1—x + pB)(x 十 pA) (38)

The next equation is derived from  th is  e qua tion  (38).

d2R/dx2=x2—3x1—al (39)

Since the equation (39) is obv ious ly  n e g a tiv e , revenue R  becomes a concave 

c u rv e . The curves a—b and a 5—b 1 in  F ig u re  6 s h o w , w hen  1 = 2 , o = 々 = 0 . 5 ， 

cases for P A = PB = 0 .1 5  and P 、= P B = 1 . 5 ,  re s pe c tiv e ly . C harac te r is tic s  of 

revenue R curve are as fo llow s . N am e ly , in  curves o f op tim a l prices and 

sales, d ifference between the h ighest and the low est va lues  of curves are
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larger in  case w hen  m ate ria l prices PA and PB are low  than in  case w hen  they 

are h ig h . H o w e v e r , in  a revenue cu rve , regard less of values of P A and PB, 

d ifference rem a ins  c o n s ta n t .

F igu re  6  F irm 's  Loca tion  and Revenue

(f) F irm 's  

A  f irm ’s

L oca tion  and Cost

cost is g iven  as ( — x 2+ l x — 12/2  — p l  +  a l ) •

( 1— X  +  P b )1—I x  +  P A ^ a 矛 ) + ( ^ ~ )  ) S ubstitu tion  of the equation  

into  p p rov ides  us the fo llo w ing  f irm ’s cost as a func tion  of x .

C = ( —x2/2 + lx/2 —l2/4 + al/2) •(1—x+pB)1_G(x+pAr .

—  1/2 (1— X 十 p B) K ( X  +  p A)2

(40)

M ovem ents of cost aga ins t a f irm ’s location sh ifts  can be ob ta ined  by 

d iffe re n tia t in g  the equa tion  (40) w ith  respect to x . F irs t  derivative  becomes as

fo llo w s .



dC/dx=(l-x+pB)_a(x+pA)a( ( f ) + ( f ) ).

(1—x+pB)(—x+1/2) —(1 — a)/2(—x2+lx—l2/2 + al)

+ q/2 (1—x+Pb)(x+pa)_1-( —x2+ lx—l2/2 + al)

— 1 ( ( # 广 + ( # 厂 ) 2. ( l - x + p n i + p j ^ .

a(l —x + pB)(x+pA)_1 — (l —a)

E q u a tin g  the equation  (41) to zero and so lv in g  it fo r x p rov ide  us 

m ax im um  of a f irm ’s cost c u rv e . Suppose  th a t  a  and  th a t PA = P 

the m ax im um  is l / 2 .  D iffe ren tia tio n  o f the e qua tion  (41) w ith  respect to 

us the fo llow ing  second d e r iv a t iv e .

d2C/dx2= (l—x+pB)-a(x+pA)a( ^ f ) ).

— 2 ( 1 — a) •( — x + l / 2 ) + 2 ( l  — x  +  P b )(x + P a )_ 1 q K — x + 1 / 2 )

—(1—x + pB) —a(l —a)( —x2+lx—l2/2 + al)(x+pA)_1 

一̂1̂  (-x2+ lx- l2/2 + al)(l—x+Pb)—1 

+ - ^ 5=̂ -(-x2+ lx- l2/ 2  + al)(l-x+pB)(x+pA)'2 

-1(1-x+pB)°(x+pA)a((矛) + ( f )  )(2a-l).

|(1— X +  Pb) *(x +  Pa)_2 +  (1 — a) j (4 2 )

Sign of the equation  (42) can not be eas ily  de term ined  because there are cases 

w here several vertexes hold  pos itive  v a lu e s . H o w e v e r，it is easily de term ined  

tha t the equation (42) w il l  ho ld  a pos itive  va lue  if a in  the in c is ive ly  negative  

term  takes a su ffic ien tly  large v a lu e .

(41)

w ith  a 

B. T hen 

x gives
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T he re fo re ，it fo llow s  th a t  a f irm ’s cost w ill v a r y ，aga inst location s h i f t， 

in  a shape of a concave fu n c t io n , a—b and a ’一b ’ in F igure  7 show , w hen 1 = 2  

and cl - /9 = 0 . 5 ,  cost curves for cases where pA = pB = 1 . 5  and pA = p B = 0 . 15 ,  

respec tive ly . C h a rac te r is tic s  of th is  cost curve are such tha t d ifference 

between h ighest and low est va lues  of a curve bocom e , as in  the case of an 

o p t im a l—price  c u r v e , la rger w hen  m ateria l prices are low . As is know n from  

a ’一b ’ curve in  F ig u re  7 ，w hen a firm  locates itse lf at end po in ts  of a linear 

space , cost w il l  become sm a lle r than  in case w hen a firm  locates itse lf at a 

c e n te r . A s  for th is  p o in t , cost w ill v a ry  in  a w ay d iffe ren t from  revenue

F igu re  7  F irm 's  Loca tion  and Cost

3 (g) F ir m ’s Loca tion  and  P ro fit

L a s t l y , let us exam ine how  a f irm ’s p ro fit w ould  va ry  accord ing  to 

loca tion  s h if t .  P ro fit  w as p rev iou s ly  show n as ;r =  ( — x 2十 lx—l 2/ 2  +  lp +  la) 

_p-(1 一 x + Pb)1-Q(x + pA, ( ( f )  + ( j ) )—.

P ro fit is expressed in  the fo llo w in g , by s ub s titu tin g  the equation  (30) for p . 

k=\/\ l/2 (—x2+lx—l2/2 + al)—1/2 |(1—x+pB)1_a.

(x + pA)c (43)
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Changes of p ro fit w hen a firm  sh ifts  its  loca tion  can be know n  by 

d iffe ren tia ting  the equation  (43) w ith  respect to x .  F ir s t  de riva tive  is as 

fo llo w s .

(W dx=2 /11/2 (—x2+lx—l2/2 + al) 

-1/2 {(I-x+pB)1_a(x+pA)a. ( ( f ) + (# ) ) } .

— 一  x+l/2 — l/ 2 ( ( f )  + ( j ) ).

j- (l-a)(l-x  + pB)'c(x + pB)Q+(l —x + pB)1' a(x + pA)a' 1}

(44)

A  sign of th is  equa tion  (44) depends on va lues of 1 ， a  , /3 , p A, p B and  x . The 

second derivative  can be easily ca lcu la ted  by  fu rth e rm ore  d iffe ren tia tin g  the 

equation  (44) w ith  respect to x . H ow e v e r , we w ill om it it here because an 

equation  becomes too long . A  sign o f d 27 t /d x 2 also depends on va lues o f 1 , 

a  , /? , d n, pB and x , and can take any  va lue  of a p o s itiv e , a n e g a tiv e , or 

z e ro . T here fore , a f irm ’s p ro fit  can be , as for loca tion  sh ift , a curve w h ich  

holds a charac teristic  of e ither c o n c av ity , c o n v e x ity , or bo th  of them , a —b ， 

a ’一 b ’ ， and a * — b *  in  F igu re  8 show  ty p ic a l curves of a f i r m ’s p ro f it , 

respective ly . In  each curve of F ig u re  8 , it  is assum ed th a t u nde r 1 ニ 2 , ct - /9 

ニ 0 . 5 ，p A ^ pB = 0 . 1 5 ,  a  = = 0 . 5 ,  pA = pB = 1 . 5 ,  and  a  = 0 .5 5 ，日 = 0 . 4 5 ,  

p A = 1 . 5 and p B = 1 . 1 .  W hen  ひ ニ /9 and d a ^ p B， the fo llow ing  can be s a id . 

W hen  m ateria ls  prices p A and pB are h ig h , p ro f it  is m ax im ized  at a center of a 

linear space. O n the other h a n d , w hen  pA and  p B are lo w , p ro fit  is m ax im ized  

at end points of a linear space.

N e x t , when a  ♦ 爲 and p A =# PB, a f i r m ’s p ro fit  cu rve  can take various  

fo rm s . T he re fo re，p ro fit is m ax im ized  at m any p o in ts . T h u s ，po in ts  of p ro fit  

m ax im iza tion  are not lim ited  to a center or end po in ts  of a lin e ar  space , bu t
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can be a p o in t in  betw een end po in ts  and a ce n te r， as show n po in t w of a — 

b *  cu rve  in  F ig u re  8 . 5)

F igu re  8  F irm ’s Loca tion  and P ro f it

It is clear th a t low  and h igh  va lues of m ateria ls  prices p A and  PB w ill have 

an im po rtan t effect on  re la tio n  between a firm 's  location and  p r o f i t . By the 

w a y , l ow and h igh  va lues of m ate ria ls  prices have a length of m arket as a 

s ta n d a rd . H en ce , even if a m a te r ia l price rem ains constan t, d iffe ren t lengths 

of m arke t cause pro fit- m ax im iz ing  po in ts  to va ry  • Curves a — b , a，一 b ，and a * 

— b *  show  m arke t — expans ion  e ffect. U nder the cond ition  th a t a - (3 - 0 .h  

and p A = p B = 1 •  5 ，it is respec tive ly  assum ed tha t 1 = 2, 1 = 1, and 1 = 4 .  Each 

curve in  F ig u re  9 te lls  us the fo llo w in g . Length of m arket not only causes level 

of f i r m ’s p ro f it  to v a r y , b u t also causes profit-m ax im iz ing  po in ts  to sh ift . 

T ha t is to s a y , w hen the leng th  of m arke t is 2 ， p ro fit  level is the h ighest, and 

as m arke t leng th  becomes 4 ，a pro fit-m ax im izing  p o in t w ill sh ift from  a center 

of a lin ear m arke t to end p o in ts . O f c o u rse , our results  here of d ifferences in 

m arke t lengths can be app lied  to ana lys is  of locational effects of changes in 

fre igh t rates of g o o d s .
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F igure  9  F irm 's  Loca tio n  and Leng th  o f L in ea r M a rke t

IE Optimal Location in Plane Space

Here, we w ill analyze  a f i r m ’s o p t im a l loca tion  in  p lane  space . N a m e ly , 

a po in t w h ich  m ax im izes a f irm ’s p ro fit  w il l  be d e te rm in e d . A ssum p tio n s  

d iffe ren t from those presented in  1 and 3 (a) of the p rev ious  section are as 

fo llo w s .

1 A ssum ptions

1 ) there are two m ateria ls-produc ing  sites A  and B in  a p lane  space , and  

the ir locations are depicted at coord inates  ( C , 0) and  ( W , V ) (Refer to 

F igu re  10) .

2) M arke t is depicted at p o in t Z ， and its loca tion  is show n  by the 

coord inates (0 ， 0) (Refer to F ig u re  10 ) .

3) Aggregate dem and func tion  in  m arke t is g iven  as 

Q z=K -(p + dz) (45)

where K  is a pos itive  constan t and d z represents  d is tance from  a f irm ’s 

location L to m arke t.

The problem  here is , u nde r these assum p tions  above a d d e d , to
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F igu re  10 F irm ’s Loca tion  in P lane Space

determ ine a lo ca tion  L ( x * ,  y * )  w h ich  m axim izes a f irm ’s p r o f i t .7)

2 Firm’s Profit

A  f ir m ’s p ro fit  is ca lcu la ted  by sub trac ting  cost from  revenue , and is 

g iven as

；r =  p (K —(p + d z)) — [A*(Pa+(1a)十 B * (pB + dB)] (46)

w here  A  and  B are the  quan tit ie s  used of m ateria ls  A  and B , d A and dB are 

d istances from  m ate ria ls-p roduc ing  sites A  and B to a f i r m ’s lo ca tion . The 

quan tit ie s  used A  and  B of m ateria ls  A  and B can be obta ined by a m anner 

s im ila r  to d e r iv a t io n  of the equations (22) and (23), show n in  the fo llow ing .

A * = [ ^ + d !  . f  • ^ - ( p + d z ) ) 1̂ ] "  (47)

B * =  ^ ^ • ^ - • ( K - ( p  +  d z))1/a 0 (48)

3 O p tim a l Loca tion  and  D ete rm ina tion  of O p tim a l Price

V ar iab le s  w h ich  a f irm  has to determ ine in  o rder to m ax im ize  its p ro fit
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are a location coord inate  x and y , and  a p ro d u c t ’s m ill p rice  p . H en ce，a firm

is ，in order to m ax im ize  p r o f i t，go ing  to seek x ，y ，and  p th a t s im u ltaneous ly  

satis fy  the fo llow ing  three e q u a tio n s . These x T y and  p are ob ta ined  by 

so lv ing  the fo llow ing  s im u ltaneous  equa tions

(49)

(50)

(51)

F ir s t , as for the equation  (49),

冗
X

3
 

3

ddz — 
3x (pA+ d A) + (P B  +  d B) -g^-

9(1八 I

1 3 x  ナ a x .
:c

T his  equation  (52) becomes the fo llow ing .

3 A* 3(pA+dA)

(52)

冗
X

8
 

3

、9 d z — 
3x

(PA+dA)a(pA+dA) dx

(Pa+dA) a(P^ d B) • a(£ax~] +(Pb+d.B) a(pB+dB)
dB*

9(pB+dB) 
3x

3x

(53)

The equation  (53) is w ritten  as fo llo w s .
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In  a s im ila r  m a n n e r , is g iven aso y
dz
ly

ad
la p

II 
一

丌
| 
y

3-
3

)dA- . i / )洲 • 9Qz
(pA+dAJ aQ z  g y  十 (pB十 9y

\* 9dA  I j-> ̂  9 q b  

3y dx
(55)

M o re o ve r , d  ^  /  d  p  is show n  as

-(pA+dA)a(pB+dB”-^-=K-2p-dz +

(56)

d z , d A, and  d B in  each equa tio n  is s h o w n , re spec tive ly , as a func tion  of x and 

y as in  the fo llo w in g .

dz= \/x2 + y2 (57)

dA= V (x—c)2 + y2 

dB = V (x- w )2 + (y-V)2

N o w , the s im u ltaneous  equations of 

num erica l an a ly s is  ノ）Suppose  th a t a  = ~

(58)

(59)

(54)， (55) and (56) are solved by 

0 . 5 ，p A = p B = 9 ，K = 2 5 0，C = 9 ， 

and op tim al location ( X * ，Y * ) .W  = 5,  V  = 9,  and  sblve fo r op tim a l price p '

The so lu tions  are: p *  = 1 3 6 . 7 6 ,  X *  = 5 . 18 ,  and Y *  - 2 . 15 .  T he re fo re , A *  = 

1 1 7 .1 2 ，B *  = 9 8 . 9 1 , Q z = 1 0 7 . 6 3 .  O f c o u rse , if va lues of a  , / ? ，p A and pB 

v a r y , o p t im a l loca tion  w ou ld  s h i f t , and there can be a case in  w h ich  optim al 

loca tion  co incides w ith  m ateria l-produc ing  s ite . F u r th e rm o re , if p roduc tion  

func tio n  c h a n ge s , m arke t can co incide  w ith  op tim al lo c a tio n . ' H ence , it 

fo llow s th a t a p ro fit- m ax im iz in g  p o in t is not a p r io r i lim ited  to a p articu la r  

p o in t .
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N Summary and Conclusion

C onclus ions set fo rth  in  our an a lys is  above can be sum m arized  as 

fo llow s • In a linear m a rk e t，a f irm ’s p r ic in g  b ehav io r  is d iffe ren t acco rd ing  to 

w hether m arket length is g iven  or is l im ite d . I f  the form er case is 

p re supposed , a f irm ’s op tim al p r ic e , aggregate s a le s , revenue , cost and  

p ro fit w ou ld  va ry  accord ing  to a f irm ’s loca tion  s h if t .  M anners  o f change of 

these variab les  are not u n ifo rm . P a r t ic u la r ly , aggregate sales and p ro fit  can 

be both  of a concave and of a convex fu n c t io n . A  fac to r w h ich  w ou ld  in fluence  

a type o f th is  func tion  is , a p rodu c tio n  fu n c tio n  re m a in in g  cons tan t, level of 

m ate ria l price for m arke t le n g th . F o r e x am p le , w hen  two m ate ria l prices are 

assum ed to be e q u a l，and these prices go be low  a g iven  l eve l , a f irm ’s p ro fit  is 

described as a convex cu rve . P ro fit is m ax im ized  at end po in ts  of a linear 

space of a m ateria l-producing  s ite . N am e ly , a f i r m ’s loca tion  w ill co incide  

w ith  a m ateria l-producing  site • O n  the c o n tr a r y ，w hen  p A and p B get h ig h e r，a 

firm  w ill  locate itse lf at a center of a lin e ar  space .

In  analysis of location in  a p lane  sp a ce , n um e ric a l ana lys is  has de rived  a 

f irm ’s optim al location and op tim a l p r ic e . A  f i r m ’s location  depends upon  

various  v a r ia b le s , and is not lim ited  to a m ate ria l-p roduc ing  s ite , a s im p le  

w eight of location g eom e try，or a m arke t p la c e . H e re ，we d id  not analyze  how  

aggregate sa les, re v e n u e , cost and  p ro fit  w o u ld  change as a f irm  sh ifts  its 

lo ca tio n . A  cr itic a l ana lys is  of th is  p rob lem  w ill  rem a in  a top ic of our fu tu re  

re se a rc h _
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