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The Number of 2-matchings and Distinct 4-cycles 
in a Hyperoctahedral Graph

Mitsuo K A N E M I T S U1)

Abstract

We study the number of 2-matchings and distinct 4-cycles in a hyperoctahedral graph through coefricients of the 

charac te ris tic  polynom ia l. Also, we consider the chrom atic num ber and the edge chrom atic num ber of a 

hyperoctahedral graph.
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A  complete graph Kn is the graph with n vertices in which each distinct pair are adjacent. A  graph Hs 

obtained by removing s disjoint edges from K 2S. A  graph Hs is sometimes known as a hyperoctahedral 

graph of 5 dimensions. This graph is a complete multipartite graph K 2X2, -,2. Let A{Hs) be the adjacent 

matrix of Hs.

Also, let

f U ,ぜ S) =  | メ丑一ぶぜ s)| =  メ 2サ 

be the characteristic polynomial of Hs, where E  is an identity matrix. It is well known that Ci =  0 , —C 2 

equals the size of Hs and — C 3 equals twice number of triangles (see, for example [1,N. Biggs, p. 8 1993]).

We recall that the following definけion.
Definけion 1 (for example [2, Y. Jin and M. Kanemitsu 2007]). Let G be a graph and let M  be a subset of 

the edges set of G. Then M  is called a 2-matching if M  consists two element e, f  and e, /  is a property that e 

and f  are independent that is, e and f  are not incident each other.

Let fiM, nc be the number of 2-matchings, distinct 4-cycles, respectively (for example [2, Y. Jin and M. 

Kanemitsu 2007] or [4, M. Kanemitsu to appear]).

Lemma 1 ([1 ,N. Biggs, p. 46 1993]). I f  an undirected graph G has no loops’ then CU ニ の  m 一

Lemma 2 ([2, Y. Jin and M. Kanemitsu, 2007]). Let G he a simple graph having the order n and let 

{di, di,ゴ3， dn) be the degree sequence of G. fhen the number um of 2-matchings of G equals to the following

o  i = l  ムニ  1 4 / = i

1 ) D e p a r t m e n t  o f  しh i l d h o o d  E d u c a t i o n  ’ C o lle g e  of C o n t e m p o r a r y  E d u c a t i o n .

T h i s  r e s e a r c h  is partia lly  s u p p o r t e d  b y  C h u b u  U n iv e r s it y  G r a n t  A  2 0 I S 3 7 A .
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where di is a degree o f  a vertex Vi (z=l,2, n) of G.

Example 1 . The hyperoctahedral H 2 — K 2.2 of 2 dimensions has two 2-matchings and only one distinct 

4-cycles. From the adjacent matrix we obtain that

/ U ,が 2) ニ;i 4 -4；l2 ニス 2(；(+2)ひ一2).

Ci =  0, —C 2 =  4, fiMニ2’ nc=l and C4="m —2"c =  0.

The degree sequence of the graph Hi is the sequence (2, 2, 2’ 2). By the above formula, we also obtain that

w m = | - ( 2  +  2 + 2 + 2 ) ' - | - ( 2 ' + 2 " + 2 " + 2 " ) + ^ ( 2  +  2 + 2 + 2 )  =  2 .

Therefore 0ニ CUニ 2 — 2 " c. Hence "c =  l.

The (vertex) chromatic number of a graph G is denoted by %{G) (see, for example [3, KJ 2002]). Also, 

the edges chromatic number of a graph G is denoted by xズG). Then xiji?)ニ2 and 乂'(i/2)ニ2. This graph H 2 

has no triangle.

Example 2. The hyperoctahedralぜ3 ニ Ä'2,2’2 of 3 dimensions has six vertices and twelve edges (that is, the 

order of ii 3 is 6 and the size of is 12). In this graph, there exists 8 triangles. The degree sequence of the 

hyperoctahedral of 3 dimensions is the sequence (4, 4,も 4’ 4’ 4). From the adjacent matrix AGffs), we obtain 

that

/ ひ,ぜ =  —12；14 — 16；J3ニ;I3(；i一4)ひ +  2)2.

W e have "mニ30, "c =  15, %(ぜ3) =  3ニ the number of index 2 in i/3ニÄ 2’2’2 and (ぜ3) =  4 =  deg {a) for each 

vertex a.

Example 3. The hyperoctahedral H a = K 2,2,2,2 of 4 dimensions has 8 vertices and 24 edges (that is, the 

order of Hi is 8 and the size of Hz is 24). In this graph, there exists 32 triangles. The degree sequence of the 

hyperoctahedral of 4 dimensions is the sequence (6, 6’ 6, 6’ 6, 6’ 6, 6). From the adjacent matrix A{Hd, we 

obtain that

fix, =

W e have ニ 156, "c =  102, — =  number of index 2 in H i = K 2,2,2,2 and %'(/f4) =  6 ニ deg (a) for each 

vertex a.

Example 4. The hyperoctahedral H 5= 1(2,2,2,2,2 of 5 dimensions has 10 vertices and 40 edges (that is, the 

order of Hs is 10 and the size of H 5 is 40). In this graph, there exists 80 triangles. The degree sequence of 

the hyperoctahedral of 5 dimensions is the sequence (8, 8, 8, 8, 8, 8, 8, 8, 8, 8). From the adjacent matrix 

AiHs), we obtain that

f il  ぜ5) =  ；li°-40；lし 160；r-240ylし 128；15ニ;{5(；(-8)(；(+2)4- 

We have wmニ 500, "c =  370, x(J^5)—5 =  the number of index 2 in K 2,z,2,2,2 and 乂ズ//s)ニ 8 =  deg {a) for each 

vertex a.

In general, we have the following resuけs.
Theorem 3. Let Hs be a hyperoctahedral graph with s dimensions. Then the following statements hold.
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( 1 ) [ 1 , N. Biggs 1993] The characteristic polynomial/U , Hs) of a hyperoctahedral graph Hs with s dimensions 

is the following form.

/ U ,がS) =  ；is(；i- 2(s- l))u+ 2riニ；(2し 一 !

— 25(5 — 1)(5 —2)レー 3)/  ̂ -------- h{2^s-l C r~ 2 ^ (5  — I)s-1  Cr-l}/^ ^ -----

(2) The

(3) The

(4) The

(5) The

(4) The number fiu of 2-matchings in Hs is the following

Wiî =s(s—1X25̂ —65 + 5)

"c ニデ(s —l)(4s2 —16s+17).

(6) Let x(Hs) be the chromatic number of Hs and let x'(Hs) he the edge chromatic number of Hs. Then 

x(Jfs) ニ  s and 乂'(i?s) =  degree {v) fo r  each vertex v o f Hs.

[Proof]
(1) The adjacent matrix A{H^ of a hyperoctahedral of s dimensions is a circulant matrix, that is, we may take 

the first row of A{Hs) to be [01, a2, 02s], where each entry is 1,except that ai =  as+i — 0 . In this case, it is 

well known that the characteristic polynomial fU , Hs) equals to

rU-2(s-l))U+2)s-i.

(2) Since Hs obtained by removing s disjoint edges from the complete graph Ä 2s, we have that the order of 

Hs equals to the order 2s of Kzs and the size of Hs equals to a half of the size of Kzs. Then the size of K^s 

equals

^  2s(25—1 ) 。/ 1、
2sC2 — S —----^ ------ 5  =  2 5 (5 — 1 ).

(3) cMnce — C3ニ 2 x  (number of triangles) , we have that the number of triangles equals to

■775(5 —1 X5—2) by (1).

(4) The degree sequence of Hs is (2(5 — 1), 2(5—1), 2(s—1 ) , 2(s—1)). By Lemma 2, we have that

X {2<s(2Cs—1))}2— X 2s{(2(s—1))ド+ j  x 2s(2(s—1))=s(s—l)(2s^—6 s + 5).

(5) By (1), we have that C4 =  2s(5—l)(s—2X5—3). By Lemma 1 ,C 4ニ" m—2"c. Using (4), we have that

"c ニ C4)=-^(5(5 — 1)(25^—6s +  5) —25(5 —1)(5—2)(5—3)) =  5(5—1X25^—65+ 5 ).

(6) By the complete multipartite graph,;((ぜs)ニ s, (がs) =  2s—2 =  2(s —1)ニdegree (?;) for each vertex 

of Hs.
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