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A stronger version of stationarity

preserved under <k-strategically closed forcing

Sakaé FucHINO*

(Received June 15, 2005)

We introduce a normal filter F5/4)\ over P.A for an inaccessible cardinal s

and XA > k, and show that F5'4 \-stationarity of a subset of {z € P\ :

rNK

is a singular ordinal} is preserved in generic extensions by <k-strategically closed

partial ordering (Theorem 1). In particular, the sationarity of such a set is preserved

in these generic extensions. We also give a proof of a theorem by T. Usuba which

shows that F 3514 \-stationarity in Theorem 1 cannot be replaced by stationarity

(Theorem 3). This note complements [2] where Theorem 1 and Theorem 3 are

cited without proof.

Keywords : stationary sets, internally approachable models, club shooting, P\

1

The main theorem of this note is the following:

Introduction

Theorem 1 Suppose that k is an inaccessible cardi-
nal and X is a cardinal with A > k. If

(1.1) S C{xz e P\ : zNkis asingular ordinal}

and S is FS5'4 \-stationary, then, for any <s-strate-

gically closed p.o.-set P, we have:
e “S is FSTAX-stationary”.

In particular, S remains stationary in any generic ex-
tension by such P.

Here, 5™ ) is a normal filter defined in the next sec-
tion and <x-strategically closedness of a p.o.-set is the
weakening of <k-closedness defined below.

In Theorem 4 of [2], a variant of Theorem 1 above is
proved in which F54 \-stationarity is slightly weak-
ened to be what is called there F!4\-stationarity,
k may be just regular and S may be any FM\-
stationary subset of P, but only preservation under
generic extension by k-strategically closed p.o.-set is
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concluded. The proof of Theorem 1 is a slight mod-
ification of the proof of this theorem. Here, a p.o.-
set P is said to be -strategically closed if the player
Nonempty has a winning strategy in the following in-
finitary game GI1(P) (see e.g. [3], [12]):

GI(P) is a game over P between two players Empty
and Nonempty. The player Empty begins the game
with his move pg € P. At @ = 1+ & + 2n + 1st move
for a limit ordinal £ < & (or £ = 0) and n € w, the
player Empty plays p, € P; Nonempty plays p, € P
at o = 1+ & + 2nth move; each p, must be below
the previous moves pg, £ < a (with respect to <p)
so that pg, £ < a form a decreasing sequence in P
for all o < k. Nonempty wins if the game can be
played. through all the moves pg, { < k. P is said
to be strongly k-strategically closed if Nonempty has
a winning strategy in a game G.(P) which is simi-
lar to GII(P) but Empty plays at & + 2nth move and
Nonempty at £ + 2n + 1st for any limit ordinal £ (or
E=0)and n € w.

A p.o.-set P is said to be (strongly) <k-strategically
closed if P is (strongly) A-strategically closed for all
A< K.
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A game in G(P) (or in G1) is also represented as

Po>P Qo 2PP1 2PGL ' 2P Qo 2P Pa

(or as po >p go 2P P1 2P Q1 *** 2P Pa 2P o -
respectively). where the p,’s and g, ’s are moves taken
by Empty and Nonempty respectively.

The following Theorem 2 shows that the condition
(1.1) cannot be removed from Theorem 1 while The-
orem 3 shows that FS \-stationarity in Theorem 1
cannot be replaced by stationarity.

Theorem 2 Suppose that k is Mahlo and A > & is
reqular. Then

S={xz € PcA: zNk is a regular cardinal}

is FSTA X-stationary but there is a <k-strategically
closed K -c.c. p.o.-set P such that

[Fp “S is non-stationary”.

Theorem 3 (T. Usuba [10, 11]) Suppose that k is
weakly inaccessible with K< = & and X > k is reg-
ular. Let

So = {x € PcA : cf(sup(z)) >z Nk,
' x is stationary in supzx}.

Then there is a k-strategically closed Kt -c.c. p.o.-set P
such that |Fp “So is non-stationary subset of P A",

Note that S in Theorem 3 is stationary if x is A<*-
supercompact (see Lemma 7). It is easily seen that
this S can never be F5/4 \-stationary.

The set-theoretic notation and terminology in this
note are quite standard. The reader should consult [7]
or [4] for undefined notions. A partial ordering used to
build generic extension is called here a p.o.-set. The
forcing is denoted in reverse Jerusalem notation. That
is, smaller conditions are stronger. On the other hand,
in place of the dotted symbols @, b, etc. used in [4] and
[7], we make use of symbols with a tilde below them,
like a, 2, etc. to denote P-names for a p.o.-set P.

2 Preservation of F5™ \-stationarity

Let k be an inaccessible cardinal and £k < A. In
this section we show that F5/4 \-stationarity defined
below is indestructible in generic extensions by <k-
strategically <k-closed p.o.-sets.

HEY

(2)

follows that z € S5 e ),

=
=

Let p be sufficiently large (regular) cardinal. For
a € H(p), let

SSAma) = {IXNM : M < H(p), k,\,a € M, M is
strongly internally approachable,
|M| <k, kNM €k}

Here, an elementary submodel M of H(u) is said to be
strongly internally approachable if there is an increas-
ing sequence (M, : a < §) of elementary submodels

of M such that

(21) Ua<6 Ma = M7

(22) (M, :a<7) € M, forall y<§and

(2.3)  P(v) € M, for all limit v < 4.

(M, : a < &) as above is said to be a witness of the

strong internal approachability of M. Let
F={S5M ma) : g e H(pu), pis sufficiently large}

Lemma 4 (a) F has the finite intersection property.
(b) Ifae H(p) and p < ' then

SfIA #o{a.m) ) C SfIA ey

Proof. (a): Suppose that pg,..., pn—1 are all suffi-
ciently large and ag € H(to), -, Gn—1 € H{thn-1)-
Let p be sufficiently large compared to po,- .., thn—1-
Let a = ((a; : i <n), (U : 1 <n)).

Then S5T4 ma) C G514 pisei ) for all § < n (for details
see the proof of Claim 5.1). Hence

Ni<n SSIA HOGX £ (.

(b): Suppose that z € S5™4 wolam) ),
Then there is a strongly internally approachable M <
H(u') such that x, X, {a,u) € M, | M| < &k, kNM € K
and £ = AN M. Let (M,
strong internal approachability of M. Without loss of

: a < §) be a witness of

generality we may assume that u € My. M' < H(pa)
by po € M and (M, NH(p) : o < 6)is a witness of
strong internal approachability of M* = M NH(u) <
H(p). Since z = ANM = AN M* and a € M*, it
[ (Lemma 4)

Let

F3M) = the filter on P, )\ generated from F.
ISR LR
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Lemma 5 (a) S5/ #e) is a stationary subset of
P for any a € H{u).

(b) FSAX is a normal filter on P.X (in the sense
of [6]). In particular, FS™X includes the club filter
on PeA.

Proof. (a) follows from (b).
For (b), we have to show that

(2.4) F5™) is a fine filter;
(2.5)  F54)is < k-complete;
(2.6)  F5™)is closed under diagonal intersection.

(2.4) is clear from the definition of F5/4\. We prove
here (2.6). (2.5) can be shown similarly.

Suppose that X, € F54) for @ € A\. We may
assume that X, = S5T4 #a:%« ) for some sufficiently
large po and an € H(pa). Let p be sufficiently large

compared to sup{u, : @ € A} and

a={(tta 1 @ < A),{ay : a <N}

Then we have

Claim 5.1

DNparxXa={z e P : Vacz)(ze Xy}
D §5IA ma),

I~ Suppose that € S574 #2). We show that = €
AqcrXy. Let M < H(u) be such that x = AN M,
K, A\, a € M, M is internally approachable, | M| < k
and kN M € k. Let (M : £ < §) be a witness of
strong internal approachability of M.
faexz=ANM, then py, ag, € M. Let M' =
M N H(pae)- Then (Mg N H(pa) : € < ) witnesses
that M’ is internally approachable. Clearly we have
z=ANM, Kk A a€ M and |M'| < k. Hence
z € §5A Hasta ) = X, - (Claim 5.1)

It follows that A,y X, € FSAN. [d (Lemma 5)

Let us call § C P\ an f,fmx\—stationary subset of
PAISNF #( for all F € FS4)\. By Lemma 5, (b)
F3I \-stationary subset of P, is stationary.

Proof of Theorem 1:
S 3 & cf(zNk) is a well defined regressive function.
Thus, by Lemma 5, (b), we may assume that there is
av < ksuch that cf(zNk) =viorallz € S.

Let o¢, £ < K be a sequence of strategies of the
player Nonempty in the games G{'(P), £ < k.

By (1.1), the mapping

(38)
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Let p be sufficiently large. Suppose that p € P and
a € H(p) is a P-name of an element of H(u)V(4 for
some sufficiently large p. We show that there is a
g <p p such that

glreSNSTARINED”.

Let ¢’ be sufficiently large compared to p and let
<nw) € H(') be a well-ordering of H(p). Let
M < H(p') be strongly internally approachable such
that

(2.7)
(2.8)

Ky A, u, P, S'H(u);pv a, (UE HESRS Ii),U,, €M,

~

KNMEek, | M|<kand A\NM € S.

This is possible by F54 \-stationarity of S.
Let (M,
approachability of M. Without loss of generality we

: a < 4) be a witness of strong internal

may assume that s, A, p, P, <y, P, a, 0 € M.
Let M* = M N #H(p) and M = M, N H(p) for
a < §. Note that

(2.9)  M*<?H(p) and the sequence (M : a < 9)
witnesses that M* is strongly internally ap-

proachable.

We also have \NM* =ANM € S, \n M}
for all & < 4 and

AN M,

(210) Ky A, i, P, S’H(u)a p, a, <U€ 1 €< K’)a g5
€ M*,

(211) skNM* €k, |M*|<kand A\NM* € S.
Note that
(212) cf(d) =cf(kNM)=cf(ANM) =v.

Hence there is a continuously increasing sequence J,

¢ < v of ordinals cofinal in §. Let
Po 2P qo 2PP1 2P 1 2P *** 2P Ga 2P Pa 2P

for a < v be a play in the game GI'(P) such that

(213) po <ep;

(2.14) each q, is chosen according to 0,;

(215) (pg,as : B<a)e Mg  ;

(2.16) For every P-name é € Mj of element of A,

thereis # € ANM;  such that ps |Fp“ S8 =
B”; Pa is minimal with respect to <y(,) with
this property.
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We can find such p, as in (2.16) (possibly without
minimality) by playing a GI'(P)-game in M, for
7 =| M| so that Empty’s moves fix P-names € M;_
of ordinals in A one by one while the player Nonempty
plays according to o € My, . (A candidate for) p,
can be then taken as an element in [P below this play
which exists because of 0.

The whole construction is now possible, since by the
clause on minimality in (2.16), the sequence (pg, g3 :
B < @) is definable in My . Note that

(0 : B < @), Spyu) N(M5, x My, ) € My, ..

Thus, these sets are available as parameters in the
definition of (pg,gs : B < a) in M;, . Hence (2.15)
holds for all a < v.

By (2.14), there is q <p g, for all a < v. By (2.16),
we have

glFp“ANM* =ANM*[G]”.

~

On the other hand, |Fp “ANM*[G] € S5T4 »2 X" by
(2.9) and (2.10). It follows that

qll-]p“SﬂSfIA p,gA¢wn

as desired. [d (Theorem 1)

3 Shooting clubs through P.A

In this section we give proofs of Theorem 2 and
Theorem 3. Let us begin with Theorem 2.

Suppose that k is inaccessible and S* = {a € & :
o is singular}. Let Pg« be the standard p.o.-set for
shooting a club through S*. That is,

Ps« = {p C k : pis a bounded closed subset of S*}

with end-extension as the ordering on Pg«. The fol-

lowing is well-known (see, for example Exercise 23.8
in [4]):

Lemma 6 Pg+ has a <u-closed dense subset for all
é < k. In particular, Pg« is <mu-strategically closed.

Proof. For a cardinal p < &, let P&, = {p € Pg« :
max(p) > pu}.

Clearly Pk, is dense in Pg«. Pk, is <p-closed: Sup-
pose that ¥ < p and {(p,
sequence in P4,. Let a* = sup Ua<y Po- Then o*

: a < p) is a descending

has cofinality < v < p and o* > pu. It follows that

HEY

(4)

=
=

o € §*. Hence p = J,, Po U {@*} is an element of

P, and p <p, Pa for all a <wv. [J (Lemma 6)

Proof of Theorem 2: Suppose that x is a Mahlo
cardinal and let S be as in the theorem,

Let u > X be large enough and a € H(u). We show
that SN SSTA ma) £ (),

Let (M, :
sequence of elementary submodels of H () such that

a < k) be a continuously increasing

(3.1) a,S € My;

(3.2) |My|<kforall o<k
(33) MyNkEk;

(34) KC€Uycn Mo and

(3.5)  P(My) € Maya.

For a < &, let B4 = M, N k. Then (B,
continuously increasing sequence of ordinals cofinal in

ra<k)isa

%. Since k is Mahlo, there is an o* < k such that S«
is a regular cardinal. Let x = AN M,«. Since x Nk =
M+« Nk = Box, we have z € S. The sequence (M1 :
7 < a*) witnesses the strong internal approachability
of M. It follows that z € S5 ma),

This shows that S is F5/4 \-stationary.

Let P = Pg« as above. Then P is <k-strategically
closed by Lemma 6. P has the k*-c.c. since |P| < k.
P forces {x Nk : £ € S} non-stationary. It follows
that IP forces S itself is non-stationary.

[J (Theorem 2)

We now turn to Theorem 3. Let us first show that

the set Sy as in Theorem 3 can be stationary.

Lemma 7 Suppose that & < X and k is A<"-super-
compact. Then

So = {z € P : cf(z) >z Nk,
x s stationary in sup(z)}

is stationary in P A.

Proof. Let § = A<* and j : V — M be an elementary
embedding such that

(3.6) crit(j) = &,
8.7  j{k) > é and
(3.8) M C M.

Suppose that C' C P, is a club set. It is enough to
show that j(Sp) N j(C) # 0.
IR LR
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Let ¢ = {j(a) : a € C}. Note that |c| < J. Hence,
by (3.8), we have c € M. Hence z =|Jc € M as well.
Since M = c is a directed subset of j(C) of cardinal-
ity < j(k), we have M =z € §(C).

Claim 7.1 M E=cf(z) = A > k =z Nj(k).

F Fora € C, |a] < k = crit(j). Hence j(a)
{j(e) : @ € a}. Thus j(a) N j(k) = aNk by (3.6). It
follows that = N j(k) = k. Since £ = {j(§) : £ < A},
we have M = cf(z) = A - (Claim 7.1)

Claim 7.2 M k= z is stationary in sup(z).

- Let n = sup(z). Let D € M be a club subset of
7. Then we can find an increasing sequence a,,, n € w
of ordinals below 7 such that

(3.9)
(3.10)

ay, € D if n is even;

a, € z if n is odd.

For each odd n € w, there is an a,, € C be such that
an € j(an). Let &, € a, be such that j(§.) = an
and let £ = sup,,¢, &». We have j(§) € z and j(§) =
SUp,,c., @n by (3.6). Since {ag, : n € w) € M by
(3.8) and {(@en : n € w) C D, we have j(£) € D.
- (Claim 7.2)

By Claim 7.1 and Claim 7.2, M =z € §(So) N 5(C).

[ (Lemma 7)
Let

Si={zePA:|z|>|zNkl}.
Lemma 8 S() g Sl.

Proof. Suppose that z ¢ Sy, that is z € P.A and
lz|=|zNk|. fzNkgrthenz g So. fzNKEK
then

lz|=]znk|<zNk.

It follows cf(z) < |z| < £ N k. Thus again we have
z & Sp. | (Lemma 8)

Note that we have S54 #2Xx N S; = @ for any suffi-
ciently large p and a € H(u). Hence by Lemma, 8, S,
is not F514 \-stationary.

In the rest, we show that the p.o.-set P = C£(Sp)
defined below is as in Theorem 3.

(3.11) peClSy) &
p : d(p) x d(p) = d(p) N« for some d(p) €

P with d(p) Nk € k and cl(p) N Sp = 0

(5)
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where cl(p) = {z € P(d(p))
x and z is closed under p}.
For D, q€ CZ(SU)7

(3.12)

w < zNg <

P<cusp)4d < qEPp.

Lemma 9 For any x € P,

D, = {p € Cl(Sp) : z Cd(p)} is dense in CL(Sp).
Proof. Suppose that z € P,\ and p € C(Sy). Let
y € P A be such that

(3.13) yNk€ k;

(3.14)
(3.15)

cf(yNk) = w;

lyl=lynkl
(in particular y € Sp by Lemma 8);

(3.16) zUd(p) Cuy.

By (3.14) there is a sequence {a,, : n € w) of ordinals
cofinal in y N k.

Let ¢ : y X y = y N &k be such that

(3.17) ¢ ld(p) x d(p) = p and
(3.18) g(a,n) =a, for any o € y \ d(p) and n € w.

Claim 9.1 ¢ € C{(Sp).

F We have to show that cl(q) NSy = . Suppose
that 2 € cl(g). Then z C d(g) = y. If z C d(p) then
z € cl(p) by (3.17). Hence z ¢ Sp by the definition
(3.11) of C€(Sp). Otherwise there is an o € 2z \ d(p).
It follows that o, = g(a,n) € z for all n € w. Since
2Nk € k by z € cl(p) and since a,, n € w are cofinal
in.y Nk, we have 2Nk = y N k. By (3.15), it follows
that ‘

[znk|<|z| <|y|<|ynk|=|zNk|.

Thus | z| = |z N k| and again z ¢ Sy by Lemma 8.
- (Claim 9.1)

By the definition (3.12) of <c¢y(s,) and by (3.16), we

have q <cy(s,) p and ¢ € D,. [d (Lemma 9)

Lemma 10 C{(Sp) has the k™ -c.c.

Proof. Suppose that p, € CE(So) for a € xT. Since
k is inaccessible and | d(p.) | < & for a € kT, we may
assume that d(p,), a € k* form a A-system with root
r, 7 Dd(ps)NKforalla < st and p, [rx7r,a €Kt
are all the same.

Fix any o* < #* < kt. We show that p,- and pg-
are compatible. Let y € P\ be such that



YyNKEK;

rﬂmgyﬁﬁ;

cfynNk) =w;

lyl=lyNk|and

d(por) Ud(ps-) G -

By (3.20) thereis a §* € (yNk)\r. Let (@, : a < w)

be an increasing sequence of ordinals cofinal in y N k.
Let ¢ : y X y = y Nk be such that

(3:24) g | d(par) X d(par) = Par; q | d(pg+) X
d(pp+) = pp~ ;

(3.25) q(&m) = 4" for all (€,;m) € (y\ d(pa-)) x (y\
d(ps+)) and

(3.26) ¢(6*,n) =ay, forn € w.

Claim 10.1 ¢q € C4(Sp).

I We have to show that cl(g)NSo = 0. Suppose that
z € cl(q). Note that z C d(q) = y. If 2 C d(pax) or
z C d(pg~) then z € cl(pa~) or 2z € cl(pg+) by (3.24).
Hence z ¢ Sp. Otherwise there are some € € y\d(pa+)
and n € y \ d(pg~). By (3.25), 6* = q(§, 1) € 2. Hence
a, € z for all n € w by (3.26). Since 2Nk < & by
z € cl(q), it follows that 2Nk = yNk. Thus, by (3.22),

lznk|<|z|<|y|=|ynk|=]2zNk|

Hence again z ¢ Sp. | (Claim 10.1)

Clearly g <ce(s,) Pa*,Pp+ by (3.24). [1 (Lemma 10)

Lemma 11 C#(Sy) is k-strategically closed.
Proof. Let o be the following strategy of the player
Nonempty in GH(CE(Sp)):

If a + 1st move is Nonempty’s turn, then she takes
Pa+1 <ce(S,) Po Such that
| d(Pa+t1) | = d(pa) |;

Sup(d(pa)) < Sup(da+1)' and
d(pa) N & < d(patr) N k-

(3.27)
(3.28)

Since « is inaccessible, we can see easily by a slight
modification of the proof of Lemma 9 that such a move
is always possible.

D a < 0)
is a game played so far. Then Nonempty’s move at

Now for limit § < s suppose that (p,

§ according to o is to be chosen as follows: first let
y € PeA be such that

(6)

(3.29)
(3.30)
(3.31)
(3.32)
(3.33)

YNKEK;

Ua<s 4Pa) G ¥
lyl=lyNnkl;
cf(yNk) =w and

19\ (Uacs dpa)UR) | = yNE\Uacs dlpa) |

In (3.30), % for £ € P\ denotes the closure of z with
respect to limit of ordinals. Note that for any z € P A
we have T € P,

Let (a,
nals cofinal in yM« (there is such a sequence by (3.32))

: n € w) be an increasing sequence of ordi-

and let ¢ : ¥y X y — y N k be such that

(3.34) UqcsPa € q and
(3.35) q(a,n) = a, for all a € y \ U,s d(pa) and
nE w.

To see that o is a winning strategy for the player
Nonempty in GH(CE(Sp)), it is enough to show the
following:

(*) If (pa : a < &) is a game in GI(CE(SH))
in which the player Nonempty has always
played according to o, the mapping ¢ con-
structed as above by (3.29) ~ (3.35) with
y = d(q) is an element of C¢(Sp).

To prove (*), We have to show that cl(q) N Sp = 0.
Suppose first that z € cl(q). If z C d(p,) for some
a < 4. Then z € cl(py) by (3.34) and hence x & Sp.
Next, suppose that z € d(p,) for all a < § but
2 C U,cs d(Pa). Toward a contradiction, assume that
z € Sp. By (3.27) and (3.31), we have

(3.36) | (Ua<5 d(pa)) Nkl = IUa(& d(pa) |-

On the other hand, by the assumption of z € Sy and
Lemma 8, we have |z | > | zN«|. Hence there is some
do < 6 such that

(3.37) zNk < d(psy,) Nk.

Let v = cf(§) and p = cf(z). Note that we have
w<zNk<cf(z) = p. ‘

Let (a¢ : & < p) be a continuously increasing se-
quence of ordinals cofinal in sup(z). By the assump-
tion of z € Sy, there is a stationary S* C p such that
{ag : £ € S*} C z. For each £ € S*, let B¢ < 6 be
such that

a¢ € d(pse) \ [ J{d(pa) : @ < B¢}
HER KA T 2 ikl s
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Claim 11.1 v = p.

- Suppose that p < v. Then there is §; < & such
that §g < 61 and B¢ < 4; for all £ € S*. Let 2’ =
(znk)U{ag : € € S*}. Then z' € cl(ps,) and
z' € Sp. This is a contradiction to ps, € CE(S).
Suppose now that v < y. Then thereisa ; < § and
a stationary S** C S* such that §p < &, and B¢ < d;
forall ¢ € S**. Let ' = (zNk)U{ag : £ € S**}. Then
z’' € cl(ps,) and ' € Sy. Again, this is a contradiction
to ps, € Cl(So). - (Claim 11.1)

Let (¢ : &€ < p) be a continuously increasing sequence
of ordinals cofinal in 4.

Claim 11.2 {{ € §* : B¢ < ¢} is non-stationary.

- Otherwise, by Fodor’s lemma, there is a station-
ary S** C S§* and #* < p such that 8¢ < yg+ for all
£ € S**. Let 6; = max{do,vs~} and =’ = 2NKU{a; :
& € S**}. Then z' € cl(ps,) and z' € Sp. This is a
contradiction to ps, € C4(Sp). - (Claim 11.2)

By Claim 11.2 we may assume that
(3.38) B¢ > e forall £ € S*.
Let & € S* \ (6o + 1) be such that

(3.39)
(3.40)

&o is the limit of S* N &y and
Be < g, for all £ € S* N&.

Then by (3.30) B¢, < 7ve,- By (3.38), it follows that
Beo = V¢~ Since 7yg, is a limit, ag, should have been
taken as a new element in Nonempty’s move at the
limit step. Hence by (3.35) we have Nk > d(py,, )N&.
But this is a contradiction to (3.37).

Finally, suppose that z g Ua<s d(pa). Then by
(3.35) and (3.31) it follows that |z Nk | ="z | Hence

again we have = ¢ Sj. 1 (Lemma 11)

Lemma 12 Suppose that G is a (V,CE(Sp))-generic
set. InV[G), k and X are preserved and P.A = P AY.
C ={z € PcA : z € cl(p) for somep € G} is a club
set in P A disjoint from Sy.

Proof. )\ is preserved by Lemma 10 and st < A.
Cl(Sp) does not add new sets of size < k by Lemma
11. In particular « is preserved and P A = P Y.

By the last condition in the definition (3.11) of
Cl(Sy), CNS; = 0. Let Po = JG. Then Pg is a

C7)
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mapping by the compatibility of elements of G and the
definition (3.12) of the ordering <¢y(s,). By Lemma
9 and genericity of G we have Pg : A X A = k and

C={z€P):w<zNk <k, xis closed under Pg}.

Hence C is closed unbounded. [ (Lemma 12)
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