
情報科学リサーチジャーナル　Vol.19　2012.3 45

Numerical Method for Special Functions Using Recurrrence Technique

Toshio Yoshida
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10 16

Dueflhard 2

:

1

n

ν x a b

x
d2w

dx2
+ (b− a)

dw

dx
− aw = 0 (1)

x = 0 ∞ 1

M(a, b, x) = 1 +
ax

b
+

(a)2x
2

2!(b)2
+ · · ·+ (a)nx

n

n!(b)n
+ · · · (2)

2

U(a, b, x) =
Γ(1− b)

Γ(a− b+ 1)
M(a, b, x) +

Γ(b− 1)

Γ(a)
x1−bM(a− b+ 1, 2− b, x) (3)

(a)n

(a)n =
Γ(a+ n)

Γ(a)
= a(a+ 1)(a+ 2) · · · (a+ n− 1), (a)0 = 1 (4)
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M

(
ν +

1

2
, 2ν + 1, 2ix

)
= Γ(1 + ν)eix

(
1

2
x

)−ν

Jν(x) Jν(x) 1 (5)

M

(
ν +

1

2
, 2ν + 1, 2x

)
= Γ(1 + ν)ex

(
1

2
x

)−ν

Iν(x) Iν(x) 1 (6)

M(a, a+ 1,−x) = ax−aγ(a, x) γ(a, x) (7)

M(a, a, x) = ex (8)

M(1, 2, 2x) =
ex

x
sinhx (9)

M

(
1

2
,
3

2
,−x2

)
=

π
1
2

2x
erf x erf x (10)

U

(
ν +

1

2
, 2ν + 1, 2x

)
= π− 1

2 ex(2x)−νKν(x) Kν(x) 2 (11)

U

(
ν +

1

2
, 2ν + 1,−2ix

)
=

1

2
π

1
2 ei[π(ν+

1
2 )−x](2x)−νH(1)

ν (x) H1
ν (x) 1 (12)

U

(
ν +

1

2
, 2ν + 1, 2ix

)
=

1

2
π

1
2 e−i[π(ν+ 1

2 )−x](2x)−νH(2)
ν (x) H2

ν (x) 2 (13)

U(1− a, 1− a, x) = exΓ(a, x) Γ(a, x) (14)

U(1, 1,−x) = −e−xEi(x) Ei(x) (15)

U

(
−1

2
ν, 0, 2x

)
= Γ

(
1 +

1

2
ν

)
exkν(x) kν(x) Bateman (16)

U

(
−1

2
ν,

1

2
,
1

2
x2

)
= 2−

1
2 νex

2/4Dν(x) Dν(x) Weber (17)

U

(
1

2
,
1

2
, x2

)
= π

1
2 ex

2

erfcx erfcx (18)

2 Miller

2.1 Jn(x) x

m α

Fm+1(x) = 0, Fm(x) = α (19)

n 1 Jn(x)

Fk−1(x) = (2k/x)Fk(x)− Fk+1(x) (20)

Fm−1(x) Fm−2(x) · · · F0(x) N(< m)

n = 0, 1, · · · , N Jn(x)

Jn(x) � Fn(x)

/
m/2∑
k=0

ϵkF2k(x) (21)

ϵ0 = 1, ϵk = 2 (k = 1, 2, · · · ) (22)
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n x m Jn(x)

(19) m m

(20)

Fn(x) = ξJn(x) + ηYn(x) (23)

Yn(x) n 2 ξ η

n 0 Jn(x) Yn(x)

m n m Jn(x) Yn(x)

lim
n→∞

Jn(x)

Yn(x)
= 0 (24)

Jn(x) (20) Yn(x)

(19)

|ξJm+1(x)| = |ηYm+1(x)| (25)

ξJm(x) ξJm−1(x) · · · ξJ1(x) ξJ0(x)

ηYm(x) ηYm−1(x) · · · ηY1(x) ηY0(x)

(23) 2 ξJn(x) ηYn(x) n m

0

Fn(x) � ξJn(x) (26)

Jn(x)

∞∑
k=0

ϵkJ2k(x) = 1 (27)

(26) k m

m/2∑
k=0

ϵkJ2k(x) � 1 (28)

(26)

ξ �
m/2∑
k=0

ϵkF2k(x) (29)

(21)

Jn(x) (24) (27) 2

2.2 In(x) x

m α

Gm+1(x) = 0, Gm(x) = α (30)
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n 1 In(x)

Gk−1(x) = (2k/x)Gk(x) +Gk+1(x) (31)

Gm−1(x) Gm−2(x) · · · G0(x) N(< m)

n = 0, 1, · · · , N In(x)

In(x) � exGn(x)

/
m∑

k=0

ϵkGk(x) (32)

n x m

In(x) (30) m m

(31)

Gn(x) = ξIn(x) + η(−1)nKn(x) (33)

Kn(x) n 2 ξ η

n 0 In(x) Kn(x)

m n m In(x) Kn(x)

lim
n→∞

In(x)

Kn(x)
= 0 (34)

In(x) (31)

(30)

|ξIm+1(x)| = |ηKm+1(x)| (35)

ξIm(x) ξIm−1(x) · · · ξI1(x) ξI0(x)

ηKm(x) ηKm−1(x) · · · ηK1(x) ηK0(x)

(33) n m 0

Gn(x) � ξIn(x) (36)

In(x)

∞∑
k=0

ϵkIk(x) = ex (37)

(36) k m

m∑
k=0

ϵkIk(x) � ex (38)

(36)

ξ �
m∑

k=0

ϵkGk(x) (39)

(32)

In(x) (34) (37) 2
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2.3 Jν(x) Iν(x) x

ν 0 � ν < 1 Jν(x) (27)

∞∑
k=0

ϵ
(1)
k Jν+2k(x) = 1 (40)

ϵ
(1)
k =

(ν + 2k)Γ(ν + k)

k!

(x
2

)−ν

(41)

Fν+m(x) = 0, Fν+m−1(x) = α (42)

Fν+k−1(x) =
2(ν + n)

x
Fν+k(x)− Fν+k+1(x) (43)

Jν(x)

Jν+n(x) �
Fν+n(x)

m/2∑
k=0

ϵ
(1)
k Fν+2k(x)

(44)

Iν(x) (37)

∞∑
k=0

ϵ
(2)
k Iν+k(x) = ex (45)

ϵ
(2)
k = 2

(ν + k)Γ(ν + 1)Γ(2ν + k)

k!Γ(2ν + 1)

(x
2

)−ν

(46)

Gν+m(x) = 0, Gν+m−1(x) = α (47)

Gν+k−1(x) =
2(ν + k)

x
Gν+k(x) +Gν+k+1(x) (48)

Iν(x)

Iν+n(x) � ex
Gν+n(x)

m∑
k=0

ϵ
(2)
k Gν+k(x)

(49)
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2.4

1

2(k + 1)
yk−1(x)−

x

k + 1
yk(x)− yk+1(x) = 0 (50)

fn(x) gn(x)

fn(x) = ex
2

inerfcx, gn(x) = (−1)nex
2

inerfc (−x) (51)

inerfcx =

∫ ∞

x

in−1erfc tdt (52)

i0erfcx = erfcx (53)

i−1erfcx =
2√
π
e−x2

(54)

lim
n→∞

fn(x)

gn(x)
= 0 (55)

fn(x) (27) (37)

(54)

Fm+1(x) = 0, Fm(x) = α (56)

(50) Fm−1(x) Fm−2(x) · · · F0(x) F−1(x)

N(< m) n = 0, 1, · · · , N inerfcx

inerfcx =
2e−x2

Fn(x)√
πF−1(x)

(57)

2.5 γ(ν, x) x

γ(ν, x) =

∫ x

0

tν−1e−tdt (58)

γ(ν, x)

Fk−1(x) =
ν + k + x

(ν + k − 1)x
Fk(x)−

1

(ν + k − 1)x
Fk+1(x) (59)

γ(ν, x) Γ(ν, x) =
∫∞
x

tν−1e−tdt

γ(ν, x)

∞∑
k=0

γ(ν + k, x)

k!
=

xν

ν
(ν > 0) (60)
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γ(ν, x)

γ(ν + n, x) � xνFn(x)

ν
m∑

k=0

Fk(x)

k!

(61)

2.6 1 M(a, b + n, x) 3) x

(b+ k − a− 1)yk−1(x) + (1− b− k − x)yk(x) + xyk+1(x) = 0 (62)

fn(x) gn(x)

fn(x) =
Γ(b+ n− a)

Γ(b+ n)
M(a, b+ n, x), gn(x) = U(a, b+ n, x) (63)

M(a, b, x)

Γ(b− a)Γ(a)

Γ(b)
M(a, b, x) =

∫ 1

0

extta−1(1− t)b−a−1dt (64)

Γ(a)
∞∑
k=0

Γ(b− a+ k)

Γ(b+ k)
M(a, b+ k, x) =

∫ 1

0

extta−1(1− t)b−a−1
∞∑
k=0

(1− t)kdt

=

∫ 1

0

extta−2(1− t)b−a−1dt

=
Γ(b− a)Γ(a− 1)

Γ(b− 1)
M(a− 1, b− 1, x) (65)

a = 2 b = 3

∞∑
k=0

1

(k + 1)(k + 2)
M(2, 3 + k, x) =

2e
x
2

x
sinh

x

2
(66)

M(2, 3 + n, x)

Fm+1(x) = 0, Fm(x) = α (67)

(62) Fm−1(x) Fm−2(x) · · · F0(x)

N(< m) n = 0, 1, · · · , N M(2, 3 + n, x)

M(2, 3 + n, x) � 2e
x
2

x
sinh

x

2

Fn(x)
m∑

k=0

Fk(x)

(k + 1)(k + 2)

(68)
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a = b M(a, a, x) = ex M(a, a+ n, x)

M(a, a+ n, x) � exFn(x)

F0(x)
(69)

2.7 2 U(a + n, b, x) 3) x

(a+ k − 1)yk−1(x) + (b− x− 2a− 2k)yk(x) + (k + a+ 1− b)yk+1(x) = 0 (70)

fn(x) gn(x)

fn(x) =
Γ(a+ n)

Γ(a)
U(a+ n, b, x), gn(x) =

Γ(a+ n)

Γ(a+ n+ 1− b)
M(a+ n, b, x) (71)

U(a+ k, b, x)

Γ(a+ k)U(a+ k, b, x) =

∫ ∞

0

e−xtta+k−1(1 + t)b−a−k−1dt (72)

ϵ
(u)
k

ϵ
(u)
k =

(a− b+ 1)k
k!

=
Γ(a− b+ 1 + k)

k!Γ(a− b+ 1)
(73)

(72) ϵ
(u)
k k

∞∑
k=0

ϵ
(u)
k Γ(a+ k)U(a+ k, b, x) =

∫ ∞

0

e−xtta−1(1 + t)b−a−1
∞∑
k=0

(a− b+ 1)k
k!

(
t

1 + t

)k

dt

=

∫ ∞

0

e−xtta−1(1 + t)b−a−1

(
1− t

1 + t

)−a+b−1

dt

=

∫ ∞

0

e−xtta−1dt

= Γ(a)x−a (74)

∞∑
k=0

ϵ
(u)
k fk(x) = x−a (75)

U(a+ k, b, x)

Gm+1(x) = 0, Gm(x) = α (76)

(70) Gm−1(x) Gm−2(x) · · · G0(x)

N(< m) n = 0, 1, · · · , N fn(x)

fn(x) � x−a Gn(x)
m∑

k=0

ϵ
(u)
k Gk(x)

(77)

10)

19 2012.3



情報科学リサーチジャーナル　Vol.19　2012.3 53

2.8 Kν(x) x

Kν(x)

K−ν(x) = Kν(x) (78)

ν � 0

ν n (n = 0, 1, · · · ) µ (0 � µ < 1) ν = n+ µ ν � 2

Kµ(x) Kµ+1(x)

Kν+1(x) =
2ν

x
Kν(x) +Kν−1(x) (79)

Kµ(x) Kµ+1(x) U(a, b, x)

Kµ(x) =
√
πe−x(2x)µU

(
µ+

1

2
, 2µ+ 1, 2x

)
(80)

Kµ+1(x) =
√
πe−x(2x)µ+1U

(
µ+

3

2
, 2µ+ 3, 2x

)
(81)

U(a+ n, b, x) (80)

(
µ− 1

2
+ k

)
yk−1(x)− (2x+ 2k)yk(x) +

(
−µ+

1

2
+ k

)
yk+1(x) = 0 (82)

fn(x) gn(x)

fn(x) =
Γ
(
µ+ 1

2 + n
)

Γ
(
µ+ 1

2

) U

(
µ+

1

2
+ n, 2µ+ 1, 2x

)
(83)

gn(x) =
Γ
(
µ+ 1

2 + n
)

Γ
(
−µ+ 1

2 + n
)M

(
µ+

1

2
+ n, 2µ+ 1, 2x

)
(84)

ϵ
(κ)
k

ϵ
(κ)
k =

Γ
(
−µ+ 1

2 + k
)

k!Γ
(
−µ+ 1

2

) (85)

Γ

(
µ+

1

2
+ k

)
U

(
µ+

1

2
+ k, 2µ+ 1, 2x

)
=

∫ ∞

0

e−2xttµ−
1
2+k(1 + t)µ−

1
2−kdt (86)

ϵ
(κ)
k k

∞∑
k=0

ϵ
(κ)
k fk(x) = Γ

(
µ+

1

2

)
(87)

Gm+1(x) = 0, Gm(x) = α (88)
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(82) Gm−1(x) Gm−2(x) · · · G0(x)

f0(x)

f0(x) � x−µ− 1
2

G0(x)
m∑

k=0

ϵ
(κ)
k Gk(x)

(89)

(80) Kµ(x) µ µ+ 1

(81) Kµ+1(x)
7)

3 Deuflhard

Fm+1(x) = 0, Fm(x) = α

m m

x

m x 1

10 16

10 7

3
ak(x)Tk + bk(x)Tk+1 + ck(x)Tk+2 = 0 (90)

{Pk} {Pk} {Qk} lim
k→∞

Pk/Qk = 0 dk (k =

0, 1, · · · , n)

sn =

n∑
k=0

dkPk (91)

Dueflhard 2, 5) m(> n)

3 m+ 1 1

ak(x)Pk + bk(x)Pk+1 + ck(x)Pk+2 = 0 (k = 0, 1, · · · ,m− 2)

am−1(x)Pm−1 + bm−1(x)Pm = 0
m∑

k=0

ϵkPk = γ (92)

m+ 1 1

Mp = r (93)

M =




a0 b0 c0
. . .

. . .
. . .

am−2 bm−2 cm−2

am−1 bm−1

ϵ0 · · · · · · · · · ϵm



, p =




P0

...

...

...
Pm



, r =




0
...
...
0
γ




(94)
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d
d = (d0, d1, · · · , dn, 0, · · · , 0)T (95)

MTu = d (96)

u= (u0, u1, · · · , um)T (91) sn

sn = dTp = dTM−1r = (M−Td)T r = uT r = γum (97)

um (96) MT LU

MT = LU (98)

L =




a0

b0
. . .

c0
. . . am−2

. . . bm−2 am−1

cm−2 bm−1 am



, U =




1 f0
. . .

...
. . .

...

1
...
fm




(99)

f= (f0, f1, · · · , fm)T (98) MT m

Lf = ϵ (100)

ϵ= (ϵ0, ϵ1, · · · , ϵm)T f0 f1 · · · fm

e = Uu (101)

e= (e0, e1, · · · , em)T

em = fmum (102)

Le = d (103)

em (102) um sn s
(m)
n

(100) (103) (97)

f−1 = 0, f0 =
ϵ0
a0

, e−1 = 0, e0 =
d0
a0

(for k = 1, 2, · · · ,m){
fk = (ϵk − bk−1fk−1 − ck−2fk−2)/ak

ek = (dk − bk−1ek−1 − ck−2ek−2)/ak

}

s(m)
n = γ

em
fm

(104)

1 2 m+ 1

1 k 1

ek/fk k

2. Miller Deuflhard

Deuflhard 2
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