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In this paper we discuss two kinds of extensions of the Hyting valued
model V. The first one is the Boolean extension V& given in Part I .
Here we prove that vV 8) is a conservative extension of V¥ for elementary
notions of complex analysis. The second one is an extension of Y ¥4,

Y EXC) where G(X) is the cHa of open sets of a topological space X and

C is the complex number field. A complex valued continuous function on an
open set of a complex number field in VO e 4 complex number in

= C) By using this fact, we reformulate Oka’s theorem in intuitionistic

complex analysis in one variable.

Introduction

Every cHa Q can be extended to a cBa B, and hence the model V' of intuitionistic set
theory has an extension V'® which is a model of classical set theory. In Part I, we showed
that V' is a conservative extension of V% for elementary notions of real analysis. Here,
in § 6and§ 7, we discuss the above for complex analysis, and then, in § 8, we consider
another embedding of V‘%: The cHa of open sets of topological space X is denoted by
0(X). If Qis G(X)and Q' is G(X XC ), where ¢ is the complex number field, then the
natural embedding Q — Q' is extended to the embedding VP @ and a complex valued
continuous function on an open set of the complex number field in y@ corresponds to a
complex number in V@) By using this fact, Rousseau reformulated and proved the
Weierstrass theorems for complex analysis in several variables, in intuitionistic complex
analysis in one variable. We apply the extension V@ y® {6 eliminate induction process
from the proof of the Weierstrass theorems in V'® | and then reformulate Oka’s theorem in
intuitionistic complex analysis in one variable in v using the above extension V ‘¥—
V(Q')_

6. Intuitionistic complex analysis.
In this section we assume that Q is a spatial cHa, i.e. the set @ (X) of open sets of a
topological space X,and show that the extension V¥ — V‘® is conservative for notions of
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complex analysis.

Definition’ . The complex number field C®is an apartness field, where x+ iy *+ x'+ 4y’ iff

x#x'\ y+y’. A complete apartness subfield of C ? containing R +/ 1R is called a complex
like field .

Now we fix a complex like field C in V%, We assume 2(C)= {x+iy | x,y € 9 (R?)}
without any loss of generality. The notions of neighbourhood, open set, continuity and
differentiability are defined in the same way as in § 4, i.e.

U(a,C)={z<cCl| |z—al<e}, Ula,C)=1{zeCl| |z—al<e}.

A< Cisopenif Vze A3 e(U,(2) € A), where U,(z)=U.(2,C). U, (a) CC A denotes
Je'>e(U,.(a) € A).

f: U (@)= C is continuous if VeI 6V z,2°cU,(a) (| z—2'| <o = | f(2)~f(2") [<e).
f:A— C is continuous if YU,(a) CC A (f is continuous on U,(a)) .

For functions f: A—> C and g: A — C, g is the derivative of f if
VU, (a) CC AVeddvz,zeUla) (lz—2'|<¢ — | f2)=fz) =g (z=2)<elz—2"|)
A function f: A — C with an open domain A is holomorphic or differentiable if f has a
derivative. AT < C% and f1 = CZX C? are defined in the same way as in § 4.
6.1. Proposition

(1) [acCl<[U.(a,C)=UE(a,C) A U,(a,C)=U,(a,C)?]"

2 [AcCopen N uecCl<([uc Al<[ucAl”®)

(3 [TASCopen 1<[A<SCopen N AT = C? open]®

(49 [ASCopen N f:A—C continuous] <[ f :A—C continuous]®

5) [ASC open N f:A>C A g=fI<[gT=UT)]%

6) [ASC open A f, g:A—C continnous 1<[(f+g)'=f1+g? A (f2)" =fTg]?
7) [ASC open A FiA—C continuous N YU,(a )CCATevVze U (@)|f(z)>e)]
<[vzeA'(FT ()% 0) A (1/ /) =1//"T°
&) [ {a,} sequence in C] <[ {a,} sequence in C]®
9 [ (a,) Cauchy sequence in C] <[ {a,} Cauchy sequence in C N
Yim @, =lim? .}
10 [ASC open]l< ([U.(a)CCA] © [U.(a) cC ATP).

Proof. (1)-(9) are proved in the same way as those for real analysis.
(10) [ U@ cC Al <[ U(a) CC A [Pisobvious. Letx € [ A < Ropen | A
[ U.(a) cc A 1. Since Q is spatial, there exists ¢’ >¢ and » € C such that x €

e . +
[ U @< Anla=7| <2217 LetK= {teC| | r—t|=*35). Foreach
teK,xellfeAl=<\,I U(#) = A]. Since K is compact, there exists a finite set

{(t,6) | i=1,..., m} suchthat §i<6—3_—eandK~;U:"=l{ teC||t—¢t1<6,/3} and
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xe AL, [Us(t) < A1 . Hence we have x € [ U,(a) CCUJ.Uy(£) <A 1.

Let [8.P1% denote {t€R|d<t<5} in V® fora, b € R. Then it is obvious that
[1,bl :[é,lv)]% in V®. We sometimes omit the subscript R of [4,bli.

Definition' . A function y : [a,5]kR > C, where a,b ¢ R, is continuously diffeventiable,
if y is differentiable and y’ is continuous; and piecewise continuously differentiable if In <
&G3b, ..., bela,blg (G=h<... <t, = b AN VE<n (yis continuously differentiable on
[t tr) 2 V- v:la,blik — Ciscalled a path if y is continuous and piecewise continuously
differentiable, and a path y:[a,b]k — C is closed if y(a) =y (b).The range of a path y
is denoted by R (y). If y:[a,b]k — C is a continuously differentiable path and f : R (y)
— C is uniformly continuous, i.e.

b J—
VedNe sV u>NVY 4ty € [a,blg(t, —t,]< 8

- [flr(t,) —Av()) < &),

then f fdz is defined by
7

Sz = im Y o) )=
"_'°°j=1

where t;,=a+ % (b—a) and y’ is the derivative of y. If ¥ is a path then fy fdz is the sum of
the integrals of f on each piece on which y is continuously differentiable.
It is easy to see that the extension V@ B 5 conservative for these notions, that is :

6.2. Proposition
(0 [v:[a,bl—> cl<lv=y"1"
(2) [y continuously differentiable path | < [ v continuously differentiable path 1°
(3) [v:[a, 61— C path] < [v:[d. 61— € path]”
(9) [v'[a, b]— C closed path ]| < [v:[a, bl— C® closed path]?
(5) Let p =[y:1a, b]1— C continuously differentiable path A f:R (v)— C uniformly

B
continuous]. Then p < [ F=f1 N F:R(y)—CBuniformly continuous N ffdz:f fdz]”.
4 v

Definition.! If A<C is open, then a path v [d, b]— C is a path in A if
Jevz € R(V[U (z)cC A].
6.3. Proposition Letp =[ASC open A v:[i,b]1—C path |. Then
p <[ ypath in A1 < [vpath in A 15).
Proof. The direction (—) is proved straightforward from 6.2. We now prove (<) .
» A [y pathin A]? < [¥ continuous | A [ JeVz € R(¥)N(U.(2)CC A)]8
Hence, if we set
pen=l vt t ez blt—tI<

v

b—i

= () =) <e/2D A IVi<n(U(t))cc AP,

where ¢;=a +Ln(5~5), then p A [ypathinA]% < V. ,ben and

(3)
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DPen<Ivj<n(U.(y( £:)) CCA] by using Proposition 6.1 (10). It follows that
Pen<[3eVze R(¥UsNz)cC A].

Definition" . For z,, z € C, let [z,2] bethepath [0,1] — C defined by la1,2] (1) =
(1—=t)z,+tz,. If 2,,2,2s € C, then A(z,2,2) denotes the closed path consisting of [z,
2], 2,21, [2z,21]. If 2,2,z €C and y=A(z,2,2), then we define

Span ('y) d—i-f {dlzl +61222 +a323|al, Ay, A3y EI\/R+,CZI +Clz +613: 1 }
def
span(y) CCA S Jevze span (y)(U(z)CC A),

where IR* is the set of positive real numbers in R.

6.4. Proposition
D Cz,zecl=<I[ [a,2]= [a,2]% 17
2 [a,2,z€Cl<[A(,2,2)=A2,2,2)]°
B) [2.2.2 €CAy=A(2.2.2)]1 <[ span (y) =span® (y) 1%
Q) Let p=1 A< C open N z1,2,z€ C AN y=A(z,2,2) 1. Then
p=<([span(y) CC AT~ 1 span(y) cC A 1%).

Proof. (1) [z€ [z, 2117 =V, o lz=(1 -z +iz,]5 =[z € [5,2,]°1% (2, (3) are
similar to (1). (4) is proved in the same way as Proposition 6.3 by using Proposition 6.1,

since for any & >0,

p=[ Inc &3t ... t,espan(y)(span(v) S |J U.(£)].
Definition!. Let 4 be an open set in C and a function f:A — C be continuous. Then f is
analytic on A if for each y=A(2,,2,2) with 2;,2,,2 € A, span (y) CC A implies'/;fdz=0.
6.5. Proposition [ASCA f:A—C analytic on AV<1I f1 anyivtic on A']?
Proof. Let p =[ASCopenA f : A—C analytic on Al, then

p<[AY < CPopen A f1:A1—>C?B continuous A A dense in A 175.
Hence, by using Proposition 6.4(4),

p<[Vy=A(z, z, z3)(span(y)CCA — /y_fa’z=0) A Adense in AT]?

<[ Vy=A(zy 2,5 z3)(span(y) CCA *—>f fdz=0)]%.
Y
Definition. An open set A of C is convex if for each 2,2, € A, [2,%] isa path in 4.

6.6. Proposition [ACSC convex]]<[A tc CB convex]? .
Proof. Let p =[A<C convex] Az, 2,6 AY]%. Then

=V, [U(z) CCA"Aly;—z;l €e/3]1PA [y, € A] for i =1,2. By Proposition 6.1(10)

(4) Memoirs of College of
Engineering, Chubu University



Conservative Extension of Elementary Notions in Hyting Valued Unverse II 139

p<V [U.;3(2:)S Upps(3)IPA [ Upps(3;) CCA] for i =1, 2.

Yi, €
It follows that
p< V [U.,(tz;+ (1 =8)25)S Upeps (9, +(1 —1)3,) CC AT ]2,

Yi1¥2r €

Definition!. Let A < C be open. Paths y,: [0,1] = A, i=0,1, are homotopic in A if there
exists a function o: [0,1]2— A satisfying the following conditions:

(a) o is continuous and piecewise differentiable in each component,

M o (0,)=vy(t), o(1,t)=n(t) and eVt re[0, I](U.(o(t, ) CTTA).

6.7. Proposition

L A< C open N vy, homotopic paths in A1 < [ v,y homotopic in A 1°.

Proof. By Propositions 6.1, 6.2.

DeginitionI - An open subset A of C is connected if for any z,,2 € A there exists a path y:
[0,1] = A in A such that y(0) =z and y(1)=2z. A closed path y in A is komotopic to 0
if ¥ is homotopic to a constant path.

6.8. Proposition

(1) [ A<C open and connected 1 < [ A connected 1°

2) [ A< C open Ay closed path in A and homotopic to 0 1 < [ y homotopic to 0 1%
Proof. By Propositions 6.2, 6.3, 6.7.

Zn

(o)
def

Definition’ . ¢° = Z “ forzeC.
n=0 :

6.9. Proposition [zeCl<[e*=(e?)?]".

Proof. By Proposition 6.1.

Definition'. For A,A'<C,
A—A"Z (zeA|—zeA')
A-A = {z€A| Jevz' €A (|z—2|>e)}
6.10. Proposition
1 [AASCopen I <[(A-A)c=(A-ANE]E
@2 [Ac Copen Aze CI<TA-{z)=A"{z})? 17,
B3 [A< Copen Aypathin AT<[(A-R(»)'=(A"“R () 1~

Proof. (1) is proved straightforward. (2) follows from Proposition 6.1 (2) and 3.2 .
(3) follows from the fact that if A < C is open and y is a path in A then A—R () is open.

Definition'. If z, € C and y is a closed path in C {2}, then

def 1 dz
0(7920) - 27’:2 yz_zo

(5)
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O(y,z) is an integer and called the index of 2, with respect to y.
6.11. Proposition [z, € C A y closed path in C= {2} 1 <[0(y,2)=0%(y,2) I

Proof. By Proposition 6.2.

Definition’. For » € QVD + (i.e. 7 is a positive rational number) and z, € C, the path y :
[0, 11 — C given by 7 (#) =2+ 7™ is denoted by C (z,7) .
Then obviously we have:

6.12. Proposition [7€ Q" Az, eC] < [C(z,v) =CB(zy,v)]".

7. Application II.

Here we apply the results in § 6 to prove theorems of complex analysis in V@ where
Q is a spatial cHa. Let C be a complex like field in V.

7.1. Theorem' If 7. g arve holomorphic functions A —> C on an open subset A of C,
then
W) (f+eg)=r+g, (foV=rfe+s’
(2) VU(a)cCATevz e Ula)lf(2)] >e) = (L/F)=—f"/F").
Proof. (1) Let p =[ A<C open A f, g: A—C holomorphic ]]. Then
p<I[A<Copen A f, g: A—C holomorphic }Z
<II(F+e)T =+ 1°<[(f +g)=f+g'],

by using Proposition 6.1 (5) and (6) . Similarly, » < [ (fg) " =fg+/fz’]. (2) is proved in the
same way as (1) by using Proposition 6.1 (5) and (7).

7.2. Theorem! If A< C isopenand f:A— C is holomorphic, then f is analytic.

Proof. Set p =[ A = C open A f . A— C holomorphic A y=A(z,2,2) A span(y) CC
A ] . Then

p<[A't<=CBopen A f1: AT >CPholomorphic A ¥ =A(z; z, 23) A span(y)CCA]®
< tdz=0]5.
[fr'az=0]

Hence p S[ﬁfdzz o]l.
The following Theorems 7.4—7.10 can be proved similarly.

7.4. Theorem ' If A < C is open, f : A~ C is analytic and v,, v are homotopic paths
in A, then fnfdzzﬂlfdz.
7.5. Theorem ' If A S C is open, z € A, y: [4,b] = A is a path in A~ {2}, and

v v dz 29—z
y(@) =2z and y (b) =2z, then exp <f > =22 0
y 22y 2172
(6) Memoirs of College of
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7.6. Theorem® (Cauchy’s integral formula for a disk) If A< C is open, f:A—> C is
holomorphic and U,(z) CC A, then for any z € U,(z),

fo=-L [ &,

27t Y Co, NE—2

¢.

7.7. Theorem' If v is a closed path in C, h:R(y)— C is uniformly continuous and

ne &, then the function

T 2zid(e—2)

is differentiable on C—R (y) and its derivative is

glz)= 1 fﬂ—dé‘.

2—7Zfi (C_Z)n+l

7.8. Theorem' (Cauchy’s integral formula) If A< C is open, f: A — C is holomorphic,
2 e Aand yis a closed path in A~ {2z} which is homotopic to 0 in A, then

7

002tz = [ L.
0

7.9. Theorem' (Cauchy’s inequality) If f:U,(z)— C is holomorphic and bounded by M,

then for any n € @

|7 (z0) < mt M/ 77 .

7.10. Theorem' (Liouville’s Theorem) If f:C — C is holomorphic and bounded by M ,

then f is constant.

7.11. Theorem' (Maximum principle) If A< C is open, f: A — C is holomorphic and
U.(a) CC A, then

|A(2)| <M on Cla,r) implies |f(z)|<M on U,a).
Proof. Let
p=lA<SC open N f : A—C holomorphic A U,(a)CCAA
(A<M on Cla, ) N 2 € UJ(a)].

Then by using the Maximum principle in classical analysis in V&, p <[|Az)|<M]%
Hence p < [| /(") <M].

8. Complex analysis in several variables.

C. Rousseau reformulated and proved the Weierstrass division theorem and preparation
theorem for complex analysis in several variables, in intuitionistic complex analysis in one
variable. (cf. [8]). In §8.1 we show that the induction process in the proof of the

(7)
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intuitionistic Weierstrass theorems can be eliminated by using the extension V‘®— V& 1n
§ 8.2 we reformulate the Oka’s theorem in intuitionistic complex analysis in one variable.

8.1. Weierstrass theorems.
Let Q be a spatial cHa and C be a complex like field in V?.

8.1.1. Theorem' Let A © C be an open neighbourhood of 0 and f:A — C be

holomorphic. If f#(0) £ 0, then either i<k(fP(0)*0) or there exists >0 such
that U,.(0) CC A and the following condition is satisfied: Fov any holomorphic and
bounded g:U,(0)— C there exists a unique holomorphic h : U(0)— C and a unique
polynomial P of degree< k such that g= fh+P.

We refer to the above condition as D(7, k).

Proof. Rousseau [8].

8.1.2. Theorem' (Weierstrass division theorem) Let f:A— C be holomorphic,

where A is a neighbourhood of 0 in C. If f#(0)#0, then there exist i < k and v > 0
such that U,(0) CC A and D (»,7).

Proof. Set p =[ASC open N 0€ A A f:A—C holomorphic A 7#¥(0)«= 0]. Then
p =<V, [vi<i(f700)=0) A f(0)+0]%. Since [F(0)=01%=[F"(0)+0],

we have

P ALA(0)=018< [37<i((F7(0)+ 0) vIr>0(UL0)CTAAD(r,i)]
by Theorem® 8.1.1. Further,
p ALVI<i(F7(0)=0)TBA[35<i(fP(0)+0)]= 0.

Therefore,
p=< NV I[3Ir>0(UL0)CCAAD(D)].

i<k
8.1.3. Theorem' (Weierstrass preparation theorem) Let f:A— C be holomorphic,
where A is a neighbourhood of 0. If £ (0) #0, then theve exist i < k, W< A

neighbourhood of 0, a unique P monic polynomial of degree i and a unique h: W — C
holomorphic and invertible such that f=hP.

Proof. Set p=[[A < Copen A 0€ A A f:A— C holomorphic A 7*# (0)#0 ] and pi=p A
[ vi<i(F20)=0)A £?(0)=0 ]®. Then

p;,=<[3Ar> 0(U(0)CCTAAD(r,))].

as we saw in the proof of 8.1.2. In V%, if 3 »>0(U,(0) CC A A D (#,i)) then there exists
a unique % : U,(0) = C holomorphic, and a unique polynomial P of degree < 7 such that z'=
fr+ P. Taking the 7th derivative of both sides,

(8) Memoirs of College of
Engineering, Chubu University
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;
a=) (1)r90)n (0) 0.
7=0

Hence, p; = p; A\ [[Z <]l:>f(’.)(O)I’L(’;’V)(O)qt 0]l <[#(0)+0]. Therefore,
=

p=<V o=V VILIUI(0)TCTA A 3IR:U0)—C holomorphic and
i<k i<k ¥'>0
invertible 3 P polynomial of deg</ such that f=4"'(zi—P) 1 .
The uniqueness, p; A [ f=hP=h'P’'A degP=degP'=i | <[ h=h'AP=P’], follows
from the uniqueness in Theorem® 8.1.1.

Let Q,=a(C",n=1,2,.... Then Q,_, is embedded in Q, by p = p X, and V (@)
is embedded in V ‘*”. The set € " of complex numbers in V ®” represents the sheaf of germs

of complex valued continuous functions on C”. It is known that if A is an open set of a

complex like field and f is a holomorphic function on A in V@D " then A represents an

open set A of C” and f a complex valued continuous function 7 on A which is holomorphic

in the last variable. Hence 7 is represented by a complex number 7 in V@ (cf. [8]). Let

Qn)

H, be the set of complex numbers in V9 which represents the sheaf of germs of

holomorphic function on €7, i.e.

{@(Hn)z {z€D(C¥™)| z is holomorphic}
H,(z)=[zeC%"].

It is known that H, is a complex like field in V@ and we have

8.1.4. Lemma [ASH, ,openA f:A—H,_, holomorphicl=1 iff [ fcH,]=A.
(¢f. [8D)

The notion of coherent sheaf is translated as the following notion of c¢-finite in Ve,

Deflnition’ . Let R be a ring. R-module M is c-finite if:
(a) M is finitely generated, and

(b) for fl’ ......... ,fne M,

i=1
is finitely generated.
A complex like field C is ¢-finite if C is c-finite as a C-module.
Then the Oka’s theorem asserts that H, is c-finite on V@
theorem in V'Y as follows.

8.1.5. Theorem' (Oka’s theorem in V') Let C be a complex like field and c-finite.
If f,....fs are holomorphic on a neighbourhood of O and £ (0)+0,7=1,...,s,

, and is reformulated as a

(9)
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then therve exists a wneighbourhood W of 0 such that

i=1

s finitely genervated .

Proof. Since the Weierstrass theorem 8.1.2,8.1.3 can be generalized for a finite set of
holomorphic functions instead of one holomorphic function f, there exists a neighbourhood
W of 0, i;<mn,, k;, P;(j=1,...,s) such that for each j

(1) fi=hP;on W

(2) &, and 1/k; are holomorphic on W

(3) P, is a monic polynomial of degree i

(4) if g: W—C is holomorphic then there exists a unique holomorphic g, W— C and a

unique polynomial g, of degree < 7; such that g=g Pt g.
Hence it suffices to prove the theorem for the case ,=P; (j=1,...,s). Further, we may
assume m =is=> 1, ..., without any loss of generality.
Each s-tuples of the form

©,...,0,P,,0,...,0,—P;) (%)
i—1 s—j—1
isin =R, ....f5) - Let #* be the subset of & consisting of s-tuples of polynomials of
degree < m—1. Then @* is finitely generated since C is ¢-finite. Thus, it suffices to
show that & is generated by ®* and the set of s-tuples of the form (). Let (@, ..., a)
€ & . Dividing each a; by F;,
ai=q;Ps+u;, j=1,-,5—1,

where #; is a polynomial of degree < m—1. Since

s s—1 s—1
z d]'PjZ(Z q]'Pj+as>Ps+z ufPJ':O’
j=1 j=1 =1
—1 s—1
we have<u;  u>€ QRfor u ZZ q;Pi+a;. —Z u;P;is of degree < 2m — 1
=1 j=1

and equal to #P,. It follows that uis of degree < m— 1, and<u; _ u,>€R™.
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