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Conservative Extension of Elementary Notions
in Hyting Valued Unverse I

Satoko Trirani* and Gaisi TakeuTI**

(Received April 20, 1988)

It is known that every complete Heyting algebra (cHa) Q can be
extended to a complete Boolean algebra (cBa) B. It follows that an Q-valued
model V¥ of intuitionistic set theory can be extended to a Boolean valued
model V& of classical set theory. We show in this paper that the Boolean
valued model VB’ is a conservative extention of a Heyting valued model
Vv for elementary notions of analysis. This enables us to prove theorems
in intuitionistic analysis by reducing them to corresponding theorems in

classical analysis.

Introduction.

Funayama showed in [3] that every complete Hyting algebra (cHa) is embedded in a
complete Boolean algebra (cBa). Later Rasiowa and Sikorski obtained another embedding
of cHa in cBa. For a cHa Q let V¢ be the Q-valued universe of intuitionistic set theory
given in Grayson [4]. An embedding of Q in a cBa B, Q — B, is extended to an embedding
V9 5 18 and VP is a model of ZF set theory in classical logic. We show in this paper
that V' is a conservative extension of V'? for elementary notions of real analysis such
as real numbers, derivatives, integrals, etc. This makes many delicate intuitionistic
arguments unnecessary for development of analysis in V@, Then we prove theorems in
intuitionistic real analysis in V% by reducing them to corresponding theorems in classical
analysis in V'®’. The intuitionistic complex analysis will be discussed in part II.

1. Preliminaries.

Here we review the Hyting valued model V¥ of intuitionistic set theory in Grayson [4]
and Takeuti-Titani [9].

Let Q be a complete Heyting algebra (cHa). For each ordinal «, Va(m is defined
inductively as follows: V¥ =g; Vad) s the set of all Q-valued functions on subsets of
v, and V,'"=U ,__V4* for a limit ordinal a . The Q-valued universe V® isthen V' =
U, V), We denote the domain of ueV@? by D(w).

The truth value [[ @ | of a set theoretical formula ¢ on V¥ is defined in the usual way
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from:

[u=0vl= A (uw-[x e v]])/\ye/%\(v)( o=y € ul),

x € D(u)

[ucol=V ([u=vlArvi).
ye(v)

1.1 Lemma For u € V9 and a formula ¢ (x),

[Vx € ugp(x)] =KE{7)\(u)(u(x)—>[[¢(x)ﬂ),

[3x€ uptol=_ Y (o)A ToGD),

The universe V is embedded into V¥ by the mapping ¢ —& where d is defined by
Da)={ft € a}and a(H=1.

1.2 Lemma For a, b € V,

1 ifa=5b
0 ifa+bd,

1 ifach

M:E]]:{ MGIV’]]:{O fath .

Definition. For # € V'? and p € Q, we define the restriction of w on p, u [ p, by
Dulp)=D(w) and (u[p)x)=[x € u]lA p forx € D(ulp). Thus, we have:

p=<lu=ulpl and [x € ulp1=[x € ulrp.
v € V¥ is said to be definite if for each x € D(u), u(x)=[x € u].

1.3 Lemma For each u € V'Y there exists a definite w' € V'Y such that
[u=u]=1.
Proof. Let D (') =D () and ' (x)=[ x € u || for x € D(u’).
Definiton. #z < V(“) is a sheaf representation (SR) if
(a) u is definite,
(b) for every v € V(m‘there exists 7 € D(u) suchthat [ ve #« <[ v=v"1, and
(¢) forevery p € Q and v € D(u), there exists v’ € D(u) such that [ v [p=2v"] =1.
1.4 Lemma For every u € V'Y there exists a SR u’ € VY such that lu=wl=1.
(¢f .19D) .
1.5 Lemma [ X is definite,Y is SR and [h: X —>Y | =p, then there exists a function
e D(X) > DY) such that

(@) pAlx e X]<hx)e Y Alx, Hx)>€ k] for x € D(X),
(0) p Alx=y e XI<[h(0)=h(y)] forx, yeD(X),

where 2:X—Y stands for : # S XXYAVx€X3!y €Y(<x,y> € h). Further if
h'e V9 s defined by D(h)= {<x,h(x)>|x € D(X)}and h' (x,hx)=pA [ xe X1,
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then p < [ 2=n"1. (cf [9])

Notations. The set of natural numbers is denoted by @, and rational, real, complex number
fields by Q, IR, C, respectively. The set of natural numbers in V@ coincides with & and
hence the rational number field in V@ is CVQ However, this is not true for real and
complex number fields. Real and complex number fields in V'@ are denoted by R%and C°,
respectively. &, ¢ are used to denote a positive rational number in both of V and V¥.
“Theorem’ and ‘Definition’ in the intuitionistic set theory on V@ are written with the
superscript I as Theorem ' and Definition' .

2. ExtensionV? — V@,

Let Q be a cHa. Q can be embedded in a cBa. That is, there exists an embedding ¢: Q
— B preserving meet and infinite join le(anb)=e(a)Ae(b)and e(V.a;) =\V/Fela) for a b,
a; €Q , where V? denotes the infinite join in B. We omit the superscript B from \/? if
there is no possible confusion. Identifyinga € Q with e(a), let Q < B. Forp € B we
define the interior of p, I(p)= \V/{qg € Q | ¢ < p}. Then we have:

2.1 Proposition

Ip)<p for p € B; I(p)=p for p € Q.
@ IN? p)= N, I(p,) for {p}=B, where N\ denotes the infinite meet in B,

(p%q)z[(pﬁq) for p,g € Q, where (qu):(*p\/ q) in B.

Now construct the Q-valued and B-valued universes V® and V%’ defined in § 1. Since
Q is a subalgebra of B, V'? is contained in V¥’ that is a model of ZF set theory in classical
logic. We denote the valuationin V® by [ 1% to distinguish from the valuation [ ]
in V9. If a set ®(w,..., u,) is defined from constants u,..., u, in V'? then the
corresponding set defined in V ‘®is denoted by @ (1, , - . . ,un) or (@(uay, . . . ,un)) .. UZ u is
the set in V'® such that [x € U%x « 3pecyu(x e v JE=1.

By using Proposition 2.1 we can prove:

2.2 Proposition Ifu, v € V'), then

(@) [u=v]<lu=01% [uecovl<lucol?
() [u, v}={u, 0} PN <u, v>= Cu, >PPP=1,
2.3 Proposition IfAisasetand h, X, Y € VY, then

[XcArh:X—>Y]<[h:X—-Y]5

Proof. Let p=[X €A A h:X —> Y]. We may assume that 9(X)<= D(A), X is definite
and Y is SR. By Lemma 1.5, we may also assume that there exists a functionh : @ (X) —
@(Y) such that 9(h) ={x, hix)>|[x € D(X)} and h<x, h&x)>=p Al xe X 1 for x ¢
P(X). It follows that p<[ 2: X - Y ] 2.

(3)
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3. Real and complex number fields.
Definition’ . Real number is defined as a Dedekind cut of CD , that is, # is a real if there
exist L,U < Q such that # = <L, U> and the following conditions are satisfied.

Rl. 37seQ(reLAs eU)

R2. vreQ—(r e LArcU)

R3. v7ed(rel o 3scQ(r<sAsel)

Re. vreQ(reclU = as€Q(s<rAseU)

R5. vreQ(s<r > seLVyel).

If [uis a real]=p, then we define L,.U,€ V'® by D(L,)=D(U,)=DQ),
L,A=[3L USQu=<L, U>A¥ € L)IA p and U (H=[3IL U € Q(u=<L,U>
A7 €U] Ap. Then p<[u=<L, Uyl. Define R® € V% by

DR®)={<L,, U>|[uis areall# 0}, and R°(L,,U,)=[uis a real] .

R?is SR and [Re={xne 2(Q)x Q)| uis a real}] =1. Let RE={uc 2Q)x 2(Q) |
15,

u is a real Then we have:

3.1 Proposition
(1) If <L, U>€ D(R?) and »€Q, then

[¥eLl=L(H=[#¢L]? and [# cUl=UF)=1% U]~
2 [R°< REJP=1.
Proof. (1) follows from the fact that [ #=#"1 #0 iff »=#". (2) By using Proposition 2.1,

2.2and (1), we cansee that [ Ri ] <[ Ri J? for each condition R:, i=1,..., 5, of real
numbers.

Definition’ . For real numbers « = <L,U> and u’'=<L",U",
| def , | def

u<u < AHNrel’ NU);u<u < LSL'NUSU,

u+u b u<u Vu <u,

We can easily prove the following propositions.
3.2 Proposition Foru, #' € D(R?),

Tu<ul=lu<ul? and [u=ul=1Tu=u']"
3.3 Proposition Ifp =/ _ ,[fi X-RUT <A, LLf : X—>RC18 then
p <([A=A1-ILA=£1P).

The set of rational numbers () is considered as a subset of IR by identifying » € Q with
the pair <{r' € Q| »'<r}, {reQ|r>rp, ie. D)= DU,)=D(Q) and L,(H) =
[i<r 1, U@H=0[F>r1forteq.

Definition’ . Let », s, « be variables ranging over Q, and u = <L,, Uy, v =<L,, U be
reals. Then operations on IR? are defined as follows.

(4) Memoirs of College of
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1) w+ v ¥ (L, U> where L= U

def

(2) —u = <L, U> where L=J

L,.. and U=J U, ..

r<u s<v r>u,s>v

L_, and U= U_

> u r<u e

def
(3) If t = 0, tu :e; <Ly U> where L: Ur<u Ltr and U: U7>u Uf”; lf t<0’ tudéf_(_ l‘)%
def
@) un = <L, U> where L=

r<u, s<v L(su+ ro—7s) U U r>u s> v L(qurrvfrs) and

U= U r<us>v U(S”+7U"73) U U r>u,s<v U(su+rv—rs)-

(6)If >0, u* E (L, U> where L=, L, and U=\ _ U.,;
if <0, u? = —(—u)"L.
def
(6) max (% v) = <L,UL,, UNUp.
) |l & max(u, —u).
Then, Obviously, #+v, —u,uv,u ', max(u,v), | u| are reals, and R? is a field.

Furthermore, R® is an apartness field, i.e. R® is a field satisfying the following conditions:
a+xb—>—a=b;, —arb—oa=b;a*xrb>a+*cVbxtc;1+0;
atb—oa+tcExbtc,a+bNc+0>ac+bc, a+0—a ‘a=1Aag1+0.

3.4 Proposition For «,ve D(IR?),

[a+ov=(u+0)P1=1; [-u=(—u)?]?=1; [uo=(v)?]18=1;

[u+0l<lu'="H"1% [max(u, v)=max?®(u,v)]P=1; Meul=|4%]=1.

Proof. We prove only the first equation, since the others can be proved similarly. It is
obvious that L,(#) =1 #<u# 1 and U,(#)=1 #>u 1 for » € Q. Hence,

Lu+v()//):|1 dse Lu die Lv(; € Ls+t)]]: 1[35 S Lu dte Ly(;e Ls+t)]]B:L(u+v)B(;) .

Similarly, Uy (#) = Ugsnr (#) and hence [ u+ov=(u+0)? T F=1.

The complex number field C%in V% is defined by ¢ ( €N = {u+iv | u,v € D (R?}
and C *(u+iv)=[ e R%A pe R? ] introducing 7 such that [ 2=—1 ] =1. It is obvious
that [ C%= {u+iv|u,ve R 1 =1 and C€C%isaSR. In V', absolute value of a
complex number is defined as usual,| #+iv | = v 2+ v?, and apartness relation on C is
defined by a#b %L | a—b | #0. C%is an apartness field and satisfies
utwFu +w — uFu voFE v.

3.5 Proposition
V) Ifu, ve D(C®), then [u=v]=I[u=v]?
@) IFp=/\ o ,lr:A—-C?]< Ny Lfii A C17 then p <(UA=A1-ILA=41P)

(5)
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4. Intuitionistic real analysis.

Definition’. A sequence in a set X is defined as a function ¢:& — X, and denoted by
{a@,}. We use m, n to denote variables ranging over &. A sequence {a,} in R converges
to b (lim a,=b) if Ve INe&Vn>N (| a—b | <¢). Asequence {a,} in R%isa Cauchy
sequence if

Ve ANE &V m, n> Na,,—a,l <e).

A subset X of IR® is complete if every Cauchy sequence converges to an element of X. A
complete apartness subfield of IR® containing IR is called a real like field . Ris an apartness
subfield of IR®, but not necessarily complete . if Q is a complete Boolean algebra of regular
open sets of IR, then IR is not complete. If a,6 € R = RR®, then the intervals (a,b)g,
[a,b]  in R are defined by

(@,b)p= {x € R | a<x<b}, [a,blzg= {x e R|a<x<b}.

If there is no possible confusion, we omit R from (a,8), [@,b] . The intervals (¢—e,
ate)g, la—e,atel, are denoted by U.(a,R), U.(a,R), orsimply by U.(a), U.(a).
A subset A of a real like field R is open if Va e A 3:(U.(a,R) < A) . We use the notation
U,(a) CC Atodenote 3 & >e(U,.(a) SA). Itisobvious that U, (e, R) is an open subset of
areal like field R.

Now we fix a real like field R, where we assume 9 (R)= D(IR? without any loss of
generality. Then R is a sheaf representation.

4.1 Theorem ' If a,b € Rand a <b, then the interval [a,b] » is totally bounded,
i.e. ’
VedneoIay, , a, €[a, blpVx€la, blp Ji<n(x € Ula)).

Proof. Let p=[a,6€ RAa<b]and e> 0 be given. Then

p=V, yea la'<a<b<¥ Al&—al<e’ A |b'—bl<e]l. Hence the theorem follows
from the fact that [a’, 8] is totally bounded.

4.2 Proposition [a, b€ RAa<b]<[(a,b)p=(a, b)2 A [a, blp=1Ia, b]2]%.

We now see that the extension V' — V@ is conservative for the concept of opén set

and continuous function. In V®, let
(a,b)f = (@, b)ge, [a, 8]} =14, blgs for a, be R,
and if A< R is open, let
A= (U@ ULa)= A}

4.3 Proposition ForAe V' and xe G(R),

(1) [ASRopen] < ([x € Al~[x € A]?),

2 [ASR open] < [ASR open N A=A "TNR]E.
Proof. (1) [x € A]<[x € AT® by Proposition 3.1.

(6) Memoirs of College of
Engineering, Chubu University
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[A<Ropen]IAlxc ATB<\ [ASR open] Allx =t 1BAA()
te P(A)

<\/ VI UMSAN |x—tl<el<[x <Al
tePA) €

2 TASR open]l NA()<\/, [U.(t,R)S Al < /. [UE(t,R)<A]*®
for t € 9(A), by using (1) and Proposition 4.2. Hence we have
T A<Ropenl <[ A< R open [Z. The other part is obvious.

Definition!. A function f:[a,b]r — R is continuous if
vedovu,vela,blpg(|lu—v| <6 = |f(u)—f() | <e), and if 4 is an open subset of
R, then a function f : A— R is continuous if f is cotinuous on U, (a) for every U, (a) CC A.
4.4 Proposition Fora, b€ D(R) and A € V)
(1) [a,6eRAa<bAf:la blg=R continuous] <[ f: [a, blg— R continuous]®
<[ 3tg: a, 01}—>R? continuous such that f = g on [a, 81,18
2) TASR open f: A—R continuous]l <[ f: A—R continuous]|®
<[3'!g: A V>R continuous such that f=g on A]®
The unique g in (1) and (2) will be denoted by f.
Proof. (1) Set p=[a,6 € RANa<bAf:[la,b]lg— R continuous ] . By Lemma 1.3
and 1.5, we may assume that [a, 5], is definite, 7 : D [a,b]x— D(R) and

D(f)={<x, [ (x| x€Dla,blpl, f<x F(x)>=pAlxela, blgl.

Then for x € Dla, blg,
pALa. blp(x) < [F(x)eRA<x, f(x)efl<[3yeR(Kx,y>e f)]?

pAla, blplx)AKx,yoeFPP =V Kx,y>=<t, F{tDIPAD
t € Pla, blr

= V [Ffw—FBl<en |y —F ()] < el

te Dla, blx

by using continuity of f in V) 1t follows that
p Ala, blp(x) <= [Kx, e Ffoy=Fx)]?

Hence p<[f : la, b]R—>R]]B. Continuity of f in VP follows from :
p= AV A [x.y€la, 8lp A lx —yl<o — [Flx)—Ff(y)<el?

% x,y€Dla, blr
The second inequality follows from the fact that [a,4] is dense in A"
(2) is proved in the same way as (1) .
Let A be an open set of R in V@ 1t is known that in V' if f,g are continuous
functions A — R then so are f+g and fg; and if a continuous function /' : A — R satisfies
vV U,(a) CC A3eVz € U,(@) (| f(z)| >e), then 1/f is continuous. Hence we have:

4.5 Proposition Let AS R be open in V'®),
(1) [f.g: A—=R continuous|<[f +g, fe: A— R continuous N
(f+'=rT+g" A () =rTg"]"

(7))
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@) [f: A—R continuous N ¥ U a)TCATeVz € Ula)|f(2)>e)]
<[vzeA'(ft)=0) A (/A T=1/F115

Definition’. Let 7 be a closed interval in R (i.e. @,b € R, a <b and I= [a,blz), and
7,2 be functions I — R. Then g is a derivative of f if

Ve doVu, ve[a blylu—v|<d— |flu)—f(v) ~g(v)u—v)|<eu—1uv]).

For an open set A © R and functions f: A =& R, g: A = R, g is a derivative of f if g is
a derivative of ¥ on U, (a) for every U, (a) CC A. A function f : A— R is differentiable if
f has a derivative. Then we have the following theorem in V@,

4.6 Theorem' Let A S R be open.
(1) If g and g be derivatives of f: A— R, then g =g . The unique derivative of [ is
denoted by f'.
(2) If g: A— R is the derivative of f: A— R, then g is continuous .
(3) If f: A— R is differentiable , then f is continuous.

4.7 Proposition Let p=[I is an interval in R ], i.e.
p=03a,beR(a<bA(I=(a,b)g VI=1[a blp)].
Then AT —>RINIf : I =R is the devivative of 1]
<[/’ is the derivative of FIBATG)T is the derivative of 75

Proof. Similar to Proposition 4.4.

4.8 Proposition

(1) [{a,) is a sequence in X 1 < [{a,} is a sequence in X T%.

2) [{a,) is a Cauchy sequence in R |

<[ {a,} is a Cauchy sequence in R and }gganznl%B a,15.

Proof. (1) follows from Proposition 2.3.

(2) Straightforward.
Definition’ . Let ¢ ,b€R,a<b and a flunction 7 la, blz—R be continuous.

o

. b—a (n—E)a+Eb\
Then the sequence {g,} with «a,= " Z f ( ” > is a Cauchy sequence,
=0

and the integral fd ’ f(x)dx is defined as lima,.

4.9 Proposition
; b b ¢ B
[a,be RAa<bA f:la, blg—R continuous] Sl[fa f(x)def F T (x)dx])!
where f ab f(x)dx, fa ’ FY(x)dx are integrals in V', VB, vespectively.
Proof. By Proposition 3.4, 4.4, 4.8.
4.10 Proposition Let7r,s€Q, r<s, uc VP and
p=l[a,be RAa<bA(I=[a blgVI=(a,b)p)\ f:I—>R continuous].

(8) Memoirs of College of
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Then pA[u e I'A ¥ <Y u)< 318 <[3ce 1 (¥ < Fc)< §)].
Proof.

pATueItA ¥<fTHu)< 315
<[71<71'dense A fT:TT>REcontinuous A u e I A » <fT(u)< s ]2,
<[3ce I (¥ <fHe)< P =[Tcel(¥ <flc)< ¥)].

In V(m, if I is a closed interval in R and a function f : I — R is continuous, then there
exists an upper bound of f on I, since I is totally bounded (Theorem® 4.1).

Definition " .
£l =a S (vae INf(x)<a)
1£1l<a S (3a<a) || Fll,<a).

4.11 Proposition ILet p=la b RANa<b NI =[a,blg N f.I—>R continuous].

Then p<([ll f1l;< =Ml Fll;< el® = M F Tt < 1.

Proof. pAlIfI;<el<llfll,<el?is obvious.

p A< elP< V op Alvxe T(F)l< e)]?

&’'<e

Let a. ,= p Al Fll,< elPAlvxe I(]fF(x)|<e)IPA

[vx,yel (Ixy|<b;a = |fx)—fyl< 6;8 )]]

Since ¢, ,<[Vk< n(lf(@)K e,

e+ ¢’

p Al Fll< 1<V g u= V [vae TAI<

)
e, n &

< e)l.

Definition’. Let a,b € R, a<band I= [a,blgor (a,b)z. Let Vn € & (f,:] > R).
Then

def
fumf on I S limllf,— 71l;= 0 (ie. Ve INE & V> N(If,— fll;< ).

4.12 Proposition Letp=[a,b e RANa<bAI= [a,blgl. Then

p ANf: I—R continuous NNn € &(f,: I > R continuous) N\ (= f on I) |
<[f,~f on []]B.
Proof. Immediate from Proposition 4.11.

Definition' . For x € R,

0

def def

x x def X
—_— — —1 n , 1 = — n—-———_
o o8 % MZ:O( ) G Sn¥ ,Z:o( 1) TEESH

2n+1
P

n=0

(9)
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o def dt
For positive x € R, logx = ) 7,

4.13 Proposition
(1) [x e RI<[e*=(e")? A cos x=(cos x)5 A sin x=(sin x)5]?
2) [x e RA x> 0]<[log x=(log x)?]~.

Proof. By Propositions 3.5, 4.8, 4.9.

Definition'. Ifa,b,c,d € R, a<b, ¢ <d, and a function f : [a,b] g X [¢c.d]r— R is
continuous, then the sequence {z,} with

Z,=

b—a d—c §1f<(n—i)a+ib (n—j)e+id

b
n n n n

47=0
is a Cauchy sequence and the integral f f le.6)x [e.a1 ) (x,9) dxdy is defined as }liggoz,z.
4.14 Proposition

la,b,c,de Rhna<bAc<dAfila blX[c, d1=R continuous]

é[[ffw, BIxle. d]f("*y)dxdy:ff[a, sixie.al £ 1 (6 y)dxdy],

whereff[a_ b1xle. d] Y, v)dxdy is the integral of f1 in VB,
Proof. Similar to Proposition 4.9.

5. Application I .

Since V' is a model of ZF in classical logic, every theorem of usual analysis holds in
V. Here we apply the results of § 4 to prove theorems of intuitionistic real analysis in
y@ by reducing them to the corresponding theorems in V@ 3

5.1 Theorem' (Rolle’s theorem) Let I be a closed interval [a,b] inR.If f:1— R
is differentiable and f(a) =f(b), then for any >0 there exists x € I such that
L F(x) | <e.

Proof. Let p=[1=[a, blinterval in RA f:]—R differentiable A f(a)=/£(b)].

Then
p < [r': 11 >R2Bdifferentiable A £ T (a)=7£T(5)]?
<[3cert¢Me)=F"1c)=0)]"
<[3cel(f (cl<el

by using Proposition 4.7, 4.10 and Rolle’s theorem in .V ‘?.
Similarly, we can prove the following intuitionistic theorems in V¥

5.2 Theorem' (Mean value theovem) Let I be a closed interval [a,b) in R. If f : = R is
diffeventiable , then for any e there exists ¢ € I such that | £(b) —f (@) —f ' (¢) (b—a) |
<e&.

(10) Memoirs of College of
Engineering, Chubu University



Conservative Extension of Elementary Notions in Hyting Valued Unverse I 133

5.3 Theorem' (Taylor’s theorem) Let I be a closed interval in R, and f:I — R
be n+1 times differentiable. Then for any a,b € I and & theve exists ¢ € R such that

min(a,d) < ¢ < max(a,d) and

n f(k)(a)

|f<b)—k2=:0 (b—c)(b—a)l<e.

S )
PR

5.4 Theorem' Let I be a closed interval in R and f,:I = R be differentiable for ecach
ne . If g: 1R is continuous, f=> f on I and f, > g on I, then f'=g.

Proof. Set p =[/ closed interval in R A f,— fon I A V€ & (f, differentiable ) A
f, —gonl A f:I—R continuous].

p<L A5 on I'A Vne &(f, differentiable) A £~ gton I' A gt:It— RP
continuous 1| ?. Hence by using the corresponding theorem in V% we have

p=<IlV=g"1’<f =¢l.
Similarly we can prove intuitionistic theorems for elementary functions which are
given as equations, such as
iex: ex} ex+y: e*e” fO‘I’ X,y c R;

dx

X

d%log x=-1, log xy=log x+log y for positive x,y € R;
Fd; Ccos'x= —sin x, ;‘ifsin x=cos x, cos? x+sin? y=1,
sin(x+y)=sin x cos y+cos x sing ¥, cos{x+y) =cos x cos y—sin x sin v, for x,y € R.

By the reduction to classical theorems we also have:

5.5 Theorem' (Fubini’s Theorem) If a,b,c.d € R, a<b, c<d, and f:[a,b]X

lc,d] — R is continuous, then

ff[a, s)x e, a) S (%2 ¥)dxdy =ﬁb dx ﬁdf(x, ydy = ﬁd dy ﬁb flx, y)dx.

5.6 Theorem'( Riemann-—Lebesque Theorem) Let I be a closed interval [a,b] in R.

If f:1 — R is continuous, then for § € R

lim [f F(t)sin(at+B)dt=0 .

5.7 Theorem' (Fourier integral formula) If f:R — R is of class C' and {x € R |

fx)*+0} < [a, b), then for x € R,

f(x) 221—”1im j:‘: dt f_: Flu)e™™ gy,

a—oo

(11)
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