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                          Unordered μ-Baire-1ike Spaces

             Masanori ABE*, Naoki KITSUNEZAKI**and Yutaka TERAO***

                             (Received March 31,1983)

               In this paper we define new classes of topological vector spaces which

           are a generalization of unordered Baire-like spaces, and we obtain a kind of

           characterization and some results on these spaces.

   Alocally convex Hausdorff topological vector space is unordered Baire-like, if it cannot

be covered by any sequence of rare balanced convex sets (3). In our previous paper (2),

atopological vector space E is called unordered ultra-Baire-like if, for any sequence of sub-

spaces of E which covers E, at least one of the subspaces is both dense and ultrabarrelled.

In this paper we shall generalize these concepts furthermore.

   Throughout this paper, we assume that each vector topology is of Hausdorff type;E

denotes a topological vector space andμis a real number not less than 2.

   Asubset A Of a vector space is*.convex if there exists a sequence{Aゴ}of balanced

subsets of A such that /11十 ノ41⊂ ノ1, ノ1ゴ+1十 ノ1ゴ+1⊂Aゴand each point of /4 is absorbed by

/4ゴ(ブ=1,2,…)〔2〕.An ultrabarrel of a topological vector space is a closed, absorbing,

balanced and*-convex set(1)(2). A topological vector space is ultrabarrelled if and only

if every ultrabarrel is a neighborhood of the origin (1).

   Definition 1. Asubset.40f a vector space is caIledμ 一convex if A十A⊂ μA

   It is clear that, if/1 and B areμ 一convex Sets, then A十B and k/1 are μ一convex for any

scalar k;an intersection of μ一convex sets is also μ一convex.

   Asemiconvex set of a vector space isμ 一convex for someμ 〔1〕,

   Proposition 1.  (a) A convex set is 2-convex.

    (b)  ノ4 ろglanced μ一convEヲx set is え・convex ヴ λ≧ μ.

    (C) ・4 μ一convex set ZS semiconvex.

    (d) A balanced semiconvex set is *-convex.

   Proof.  (a),(b)and(c)are trivial by definition. To show(d), let B be a balanced
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sem1convex set Then B＋B⊂μB for someμLet助＝  B Then we have助。1＋易十ユ＝                                                     μゴ

証叶・）⊂ナ・一助・・・・…十・÷・⊂・・1…1・・・…li…1・・・・・・・・・…

point of B is absorbed by every助．Thus B is＊一。onvex、

    1）efnition2．  Let B be a subset of五．B is ca11ed aμ一ろαげeZ if B is closed，absorbing，

balanced andμ一。onvex．B is called a∫em泌〃ブeZ if B is closed，absorbing，ba1anced and semi－

COnVeX．

The following proposition is obvious by Proposition1．

Propositio皿 2．   （a）  ノ1 ろαブ7eZ 5∫ α μ一ろαブフeZ．

（b）λμα舳〃∫αλ一ろαmZ，4λ≧μ．

（・）λμ一ろ〃ブ・〃∫α∫・m必〃ブ・Z・

（d）λ5em伽舳㍑5αm〃左7αろαブフeZ．

   De血nitiom3． Atopo1ogicalvectorspaceisca11edμ一ろ〃ブeZZe∂〔3em必〃ブeZZe∂〕ifeach

μ一barre1〔resp．semibarre1〕is a neighborhood of the origin．

  By Proposition2，it is immediate that an u1trabarre11ed space is semibarre11ed，and that a

semibarrelled space isμ一barre11ed．

   lDe血皿ition4． Atopo1ogica1vectorspaceisca11edmno〃eブeaμ一Bαかe一助e〔mno〃em∂

∫em｛一Bα分e－Z扱e〕 if it cannot be covered by any sequence of ra工e balanced μ一。onvex 〔】＝esp・

semiconvex〕subsets．

    Theoreml・ λ妙。Zogク。αZvec鮒吻。e亙おmno〃eブe6μ一助加一助e〔mno〃eブe＾em5一

助加一助e〕4maOnZツび∫0ブmツ3・ψ・m・eげ∫mろ吻・・3ω肋ゐCOmパ五，α彦Ze鮒0neψ肋e

3m妙α0e∫ク∫ろ0肋∂em∫eαnaμ〃mn・a〔・e∫ク．∫em伽舳ZZe3〕．

    Proof． We prove this in the morderedμ一Baire－1ike case on1y．The other case is

proved in the same way．

    Suppose that an unorderedμ一Baire－1ike space五is covered by a sequence of su1〕spaces

｛亙仰｝which is not dense in五〇r not件barre11ed．Let Bm be五ηitself if五犯is not dense in

亙，and1et Bm be aμ一barrel in五例which is not a neighborhood of the origin in亙m if五m

is not μ一barre11ed・In either case，Bm is rare and μ一。onvex in亙，and clear1y刀is covered

by the sequence ofμ一。onvex sets｛mBη｝（m＝1，2，…；n＝1，2，…），where each mBm is rare

andμ一。onvex in且This is a contradiction．

    Converse1y，let亙be a topo1ogical vector space and suppose that，for any sequence of

subspaces which covers五，at1east one of the subspaces is both dense andμ一barre11ed，Let

｛Bm｝be a sequence of ba1ancedμ一。onvex subsets of亙which covers亙，and亙m be the1i一

                                       （2）             Mlemoirs of Chubu
                                                                 Institute of TechnoIogy



                            Unorderedμ一Baire－1ike Spaces                        i09

near span of Bm for each m．Then亙is covered by the sequence｛亙η｝and，by the assump－

tion，some払。is dense in亙andμ一barre11ed．Clear1y見。∩ム。is aμ一barre1in凪。and hence

it is a neighborhood of the origin in凪。．As凪。is dense in刃，B閉。is a neighborhood of

the origin in且Name1y B刑。is not rare in亙．Thus亙is unorderedμ一Baire－like．

By Proposition2the fo11owing is trivia1：

   Propositio皿3．   （a）  ノ1n mn07♂eブe3m雄ザα・」Bαづブe一κ尾e∫クαce づ∫ 〃noブaeブea semムBα57e一亙尾e．

P〃地mZ〃Zツ，α曲5・e彦0ψ0ZOg5・αZm・左0ブ物Ce55mn0ブaeブea∫em5一助か・一助e．

   （b）  ノ1n mnoブ3eブe3 ∫em5－Bα5ブe4扱e ∫ψαce 北 nnoブ3e7eゴ μ一Bα5ブe・Z扱e．

   （・）λmmm・〃・ブ・aμ一B扮・一Z5尾・吻・・ク∫伽・肋ブ・ゴλ一B扮・一励・，4λ≧μ。

   （d） λn mno〃eブea3emクーBαかe一助e3切。eむ∫em必〃ブeZZeゴ．

   （・）λnmn・ブ∂・ブ・aμ一助か・一助・吻・・53μ一ろ〃ブ・〃・a．

   We wi11examine a few pemanence properties．In the fonowing，the property“unordered

μ一Baire－1ike”can be rep1aced always by“unordere（1semi－Baire－1ike’’．

   Proposition 4．

μ一Bα伽一助e．

助e・ツ9mOC5m吻・e0ゾαnm・〃e・・ゴμ一B〃e一κ尾e吻・・づ∫伽0・aeブ・a

   Proof．  Let亙be an unorderedμ・Baire・like space，F be a closed subspace of五and

g be the quotient mapping of五〇nt〇五／F．Suppose that亙／F is covered by a sequence

｛λm｝of c1osed ba1anced μ一。onvex subsets．Then g■i（λm）is a c1osed balanced μ一。onvex

subset of五and亙is covered by the sequence｛グ1（λm）｝．Then by the assumption some g■工

（λ。。）is not rare in亙．Thusλ閉。＝g（g■i（λ”。））is not rare in亙／F．Therefore五／F is unor－

deredμ一Baire－like．

   ProPotiti㎝5． ム・彦刀ろ・〃・ψ・Z・g5・αZmα・ブ物・・m3Fろ・αゴ・n…mろ吻・・4五．

4F北m・肋・・ゴμ一助か・一助・，肋・・亙づ∫αZ∫・mm・・a・ブ・aμ一B〃・・肋・．

   Pmof．  Let｛λm｝be a sequence of c1osed ba1anced μ一。onvex subsets of刃which

covers且Then｛λm∩F｝is a sequence of c1osed balanced μ一。onvex subsets of F which

covers F．By the assumption，for some no，λ刑。∩F is not rare in F．Then there aエe a

neighborhoodσof the origin in F and an e1ementαinλ瑚。∩F such thatα十σ⊂λ閉。∩F．

Asλ掘。is ba1anced and μ一。onvex，we have

     σ⊂（α十σ）一（α十σ）⊂ん。十ん。⊂μん。．

      1

Thus一σ⊂λ。。andλ”。∩F is a neighborhood of the origin in F．Then there exists an
      μ

open neighborhood O ofthe originin亙such that0∩F is contained inλ掘。∩F．For an

arbitrary e1ement m of0，there is a neighborhoodγof the origin in亙such that〃十γ⊂0

asOisopen．SinceFisdense三n五，foreveryneighborhoodWoftheoriginin亙，m＋γ
∩W intersects with F．Hence，m＋W and0∩F have a non－empty intersection．Thus O is

                                     （3）
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contained in the c1osure of0∩F，and O is contained inλ珊。．Thereforeλ、。is

hood of the origin in亙and this proves that五is unorderedμ一Baire－like．

Coro皿ary．

a neighbor一

乃e・0mμ・地nけmm・・ブa…3μ一B扮・一励・吻C・北吻・ブ伽・a μ一助かe一

助e．

    Pmpositio皿6．  亙m7ツ。omm肋ろZe co〃men∫5omZ3mろ5切。e

吻・・m0ブa・ブ・aμ一助か・一助・．

0ゾm mn0ブCZeブea μ一助5・e一助e

This prOpOsitiOn is proved in a Similar Way as the pr00f of Theorem 4．4 of 〔3〕．

    Fina11y

Theorem2
We
in

have the fo11owing resu1ts

〔2〕 by Proposition2．

on a1oca11y convex case in the same Way aS

    Pmpositi0117．  亙ηeブツ mo〃eブe∂ μ一助かe一助e 〔∫emづ一Bαかe一助e〕 ∫伽。eづs mmo〃erea

肋かe一助・ノ0㍑ゐ・伽e∫広Z0・α〃ツ・0mm妙0ZOgツω〃・”5・0〃W肋伽肋e0ブ紐m㍑0ψ0ZOgツ．

    Coro皿ary．  亙ηe7ツ

〃n0ブaeブea j3αづブe・κ尾e．

ZOCα〃ツ 00nηe” mn0フゴe7ea μ一助加・励・〔・em5－Bαづブ・一励・〕 ∫伽。eお
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