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            Strength of Columns under Biaxially Eccentric Loads

                                Ikuo HIRASAWA*

                           (Received September 10,1975)

               This paper deals With the simple design method for reinforced

            concrete short and slender columns subjected to biaxially eccentric loads.

               Firstly, two calculating methods for the ultimate capacity of the

            concrete columlls are proposed. One is the method proposed for computer

            analysis and the other for practical simple design.

               Next, the comparisons of two proposed methods with the results

            of tests on actual thirty columns provide the confirmation of the

            validity of these methods.

               These methods are recommended for general use.

I Introduction

   In the ultimate strength design of the columns, it is quite important to examine

not only the ultimate strength but the ultimate deflection at the same time, especially,

for the columns under biaxially eccentric loads.

   This paper reports the analysis and the results of tests on the strength and the

deflection of reinforced concrete short and slender columns subjected to biaxially

eccentric loads.

   Firstly, a calculating method for the ultimate capacity of the concrete columns is

proposed. This method consists of two analytical programs easily available for computer:

one is the analysis of failure envelope of column cross-section and the other is the

analysis of column deflection under biaxially eccentric load. The strength and the

deflection at ultimate stage can be predicted by combining these tWo methods.

   Based on the analysis and the results oftests, a simple design procedure for slender

columns subjected to biaxially eccentric loads is proposed.

亜 Theore-tical analysis

(1) Calculation of failure envelope

     General assumptions made in the analysis are:

  i)Plane sections remain plane before and after bending.

ii) No slip occurs between steel and concrete.

iii) Concrete does not resist any tension.

iv) Stress distributions in concrete at ultimate stage are shown in Fig.1.

v)Maximum strain in concrete is limited, for example, to O.003.

    For a given cross-section, the ultimate eccentricity and the ultimate axial load can

be determined if the location of the neutral axis is fixed. Therefore if the neutral axis
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Fig．1Stress distribution in concrete at
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   is arbitrari1y assumed，as shown in Fig．2，the

   fouowing equi1ibrium conditions need be satis一
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  P＝C＋Σ1后亙。・后λ∫・后ε∫（ク，プ）      （1）
         尾＝1

              m
  P・e㌧＝C・Zカ十Σ石凪・乃ん・尾ε。（ク，プ）・灼  （2）
             后＝1

               n

  P・e㌧＝C・ら十Σ；冶凪・丑ん・后ε。（ク，プ）・ル  （3）
             冶＝1

where P＝u1imate axia11oad
      雇亙、＝Young’s modu1us of stee1尾

      μ4s＝area of stee1尾

      C＝compressive force on concrete

     尾ε5（づ， プ）＝strain in stee1 后

   The ca1cu1ated u1timate s辛rength surfaces

of square and rectangu1ar co1umns are shown，

as examp1es，in Figs．3and4，respective1y．

（2）Ana1ysis of s1ender reinforced concrete

    co1umn

   The divided e1ements of section and the

shape of stress－strain re1ationships are shown

in Figs．5and－6，respective1y．

   Forツdirection，the fouowing equi1ibrium

 conditions need be satisfied．
      m
      Σ］σグノ1ξ十∫〕＝0              （4）

     づ＝1

      m
      Σコ σグノL・ツε十ユ〕・e㌧＝0            （5）

     i＝1

whereσドstress in e1ementづ

     ん二area of e1ementク

     ッドdistance from x－axis to eIementク

     e二＝distance from x－axis to axia11oad P

   The strain in e1ement乞。an be determined from the fo11owing：

           lF（・一一券）・ll・・青・llユ       （・）

where∬ツ，εツ、andεツ，are shown in Fig．5．And by using the stress－strain re1ationship，

          σξ＝五パε’                                                 （7）

where凪is the secant modu1us of e1asticity of eIementづ．

   Substituting eqs．（6）and（7）in eqs．（4）and（5），we obtain the fo11owing

equi1ibrium equations：

   、斗（ト青）・舳1ツ・・、き、女・舳・llユ・・一・    （・）

（2） Memoirs of Chubu
Institute of Techno1ogy
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C011crete

Strain Strain

Fig．6Stress＿strain re1ationships for concrete and stee1

。争、（1一若ツ）・ル風・抽汁 ” ツ｛2        、
、～、万’五ポん’ε”十P’・1＝0 （9）

    Then，from eqs．（8）and（9），the fo11owing expressions for the fiber strains are

obtained．

              εツ、一P・坐        （1。）
                     αa一助

                     ろ・eL6
              εツ畠＝ノ）・   ツ                              （1ユ）

                     α6一助

・・… @α一。き、（・一券ツ）・五グい一、さ、青・舳

              ・一冶き、（1一老）・〃凪・ん・仁、幸、着1・鮎

   Forκdirection the simi1ar re1ations can be derived－forε灼andε物．

   Next，the s1ender co1umn is divided into severa1numbers of sma11segments in the

1ongitudina1direction as shown in Fig．7．And the def1ection under．the e1astic1oad is

determined for each segment．Adding the def1ection to the origina1e㏄entricity gives

the new eccentricity va1ue．

   Thus，the repetition and integration methods are adopted for determining the

fina1def1ection of a co1umn．The basic program is outIi早ed in Fig．8．

   A㏄ording to this method，we can easi1y obtain the change of the eccentricities

from the initia1to the fina11ocations at each1oad1さve1色nd the strength for radia1・

direction of the co1umn under biaxia11y e㏄entric1oads．

（3）Prediction of u1timate strength and def1ection of co1umn under biaxia11y e㏄entric

1oads

   Considering two ca1cu1ation methods as described above，the u1timate capacity of

reinforced concrete s1ender co1umns under biaxia11y e㏄entric1oads can be determined

as the intersection of the defIection㎝rve with the u1timate strength enve1ope as

shown in Fig．9．

   The anaIytica1method ever proposed by many investigatorsユ）刈 are often based

                                    （4）            Memoirs of Chubu
                                                           Instiute of Techno1ogy
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on the assumed direction or fixed e㏄entricity as to the u1timate def1ection，but this

method has characteristics of dea1ing with the change of the1ocation of the eccentricity

due to biaxia11y eccentric1oads．
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皿 Test of the co1umns und－er biaxia11y e㏄entric1oads

（1）Test programs

   Tota11y sixty－two short and s1ender co1umns were made and tested，7）

programs for s1ender co1umns are shown in Tab1e1．

  Tab1e1Test programs

and the test

CoIumn
Cross一 Co1umn E㏄entricity

SeCtiOn 1㎝gtb（・m） direction

一A60I I I

A60III A 60 m III

3 A60V V

A1201 I
● ○

．冒

①Uつ

A120III A ．120 m
A120V V V

く A1801 I ○ ◎

A1801n A 180 III

A180V V III＝45。

B60 I I

H B60II II

B60III B 60 m III
冒

雪

B60IV mlV
b0

B60V V
① lV

』～

3 B120I I

B120II II Q V
．；

①ω

B120III B 120 m ● ●
B120IV 1V

因 B120V V II＝22．5。

B180I I

B180II II
HI：45。

B180m B 180 III IV＝67．5。

B180W W
B180V V

自 A60III’ 60

く A120m’ A 120 m
昌

雪 A180III’ 180

b0
O B60III’ 60
』｛ 岡 B120m’ B 120。 m

B180m’ 180

   A11of s1ender co1umns have the same rectangu1ar cross－section of6xg cm and

the same initia1eccentricity of3cm．Co1umns of series A and B were reinforced with

four and six6mm bars，respective1y．The co1umn1ength of each－group in two series

were60，120，and180cm，respective1y Initia1directions of eccentricities in a group

were I，皿and V or I，皿，皿，W and V as shown in Tab1e1．

（2）Resu1ts of tests and discussion for def1ection

   Fig．10shows the comparison of the measured def1ections with the computed ones．

The stress－strain re1ationship of concrete is assumed in the ca1cu1ated a1so as shown

in Fig．10．

   Fig．11c1ear1y shows the change of eccentricities with increasing1oad from the

                                    （6）           Memoirs of Chubu
                                                           Institute of Tech遺oヱogy
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initia1to the fina11ocations，the fina1 eccentricities being not 1ocated

inc1ination of initia1direction．

   The torsiona1deformations due to the biaxia11y e㏄entric1oad are not

                                    （7）
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here，but it shou1d be studied as an importan亡prob1em in future．

V Simp1e d－esign so1utions for the u1timate def1ection and strength und－er

   1：DiaXia11y eCCentriC10a．dS

（1）U1timate def1ection and strength

   A s1ender co1umn when subjected to biaxia11y e㏄entric工。ad def1ects as a1ready

shown in Figs．10or11．

   Fig．12is a1so one measurement showing how the initia1e㏄entricity of1oad on

the critica1section actua11yvarieswithincreasing1oad for each of five s1ender co1umns

subjected to uniaxia11y or biaxia11y eccentric1oad．The initia1（e。。）and fina1eccentric－

ities（e、。十△e。）projected on the eκ一eツp1ane is shown in Fig．13（a）．The fina1eccentric－

ities are1ocated on the incIination（β）deviated from the initiaI direction（α），and

P一β．re1ationships are rep1otted in Fig．13（b）．Radia1u1timate moments based on the

fina1eccentricity are ca1cu1ated from Fig．ユ3（a）and Fig．13（b），and－shown in Fig．13（c）．

  eX（Cm）

α1＝O。

Pxo＝16．5t

17．O

狛：6。

α2＝22．5。

P（t）

 30

1914

20

10

γ3＝9．30

25．O

η＝3・ガ

4

Pyo＝32．4t

                      α。＝4ポ     α。＝67．2．

Fig．12Load－eccentricity re1ationships at the center section of biaxia11y

      1oaded co1umns

ey（cm）

 α。＝90。

（2）Modified additiona1moment method

   Detai1ed ca1cu1ations as given in皿，皿are rather comp1icated，so the simp1e design

procedure is proposed．

   It may be deduced that the radia1e㏄entricity Q（eκ，eツ）at the fina1stage can be

approximated by the fo11owing equation，as shown in Fig．14：

          （麦）2・（宗）2一・ （1・）

   The actua1eccentricity eπ，or eツis given by

                                    （8）           Memoirs of Chubu
                                                           Institute of TechnoIogy
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                               Mx（t・cm）

p3
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    0。   β、    β、       β、      90，        0       50  Myo 1OO My（t・cm）

                               一一レβ。

       Fig．13（b）P一βre1ationship            Fig．13（c）Radia1u1timate moments on

                                                          fina1direction of eccentricity

           eκ＝eκo’COSα

           eツ＝eソ。・Sinα

where：

αand β are the inc1inations of the1ines joining the initia1 and fina1 1oading Points

（e㏄entricities）to the centroid of the co1umn cross－section，respective1y，and eκ。and

eツ。are the fina1va1ues of uniaxia1eccentricity a1ongκandツaxis，respective1y．

                                       （9）
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   Actua1radia1e㏄entr1city at the u1timate stage is given by eq．（13）：

            ・・＝〉・二十・葦            （13）

and the re1ation betweenαandβis given as fo11ows：

           β一…一（ll：…α）     （・・）

   Next，it may a1so be assumed that the outer1imits of the u1timate moment cor－

responding to Fig．14is apProximate1y given by the expression as shown in Fig．15．

           弘一M一〉・一妖     （・・）

where Mツ。and M劣。are the equivaIent uniaxia1moments for the u1timate moment

aboutκ一andツーaxis，resPective1y，and M’ cand M北are the components of the

actua1u1timate radia1moment M。．

   Equation（15）gives the fo11owing re1ations，

          Mツ＝M7cosβ                       （ユ6）

          Mκ＝ハみsinβ                        （17）

                 Mκ。
          M、＝        〔〉ノ4＋ユ ＿1〕                       （18）
               λSinβ

wher、五＝2．ノ4製・tanβ                         （19）
           M。。

   Thus，from equations（ユ3）and（18），the u1timate1oad P under biaxia11y e㏄entric

1oad can be given by

          P、＿ル           （20）
               e7

（3）Comparison with tests

   The detai1ed comparison of the proposed simp1e design procedures with the resu1ts

of tests on actua1five co1umns are shown，for examp1e，in Figs．16（a），（b）and（c），

・・・・…i・gth・・1tim・t・d・f1・・tl・・（・・）・th・・1tim・t・1・・d（P1）・・dth・・1tim・t・m・一

ment（Mγ），respective1y．In these figures，for uniaxia1u1timate1oads，def1ection and

moments，the measured va1ues are used instead of the caIcu1ated va1ues．

   If the uniaxia1u1timate d6f1ection and1oad are ca1cu1ated，for genera1use，by the

                                    （10）           Memoirs of Chubu
                                                           Institute of Techno1ogy
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additiona1moment method introduced by Prof．Macgregor in the Pre1iminary Report

Theme皿8）（B．S．or FIP－CEB recomendation），the comparison of々he author’s method

with the resuIts of tests is shown in Tab1e2．

  Then，the simp1e so1ution proPosed here for the u1timate c尋Pacities of s1ender

co1umns subjected to biaxia11y e㏄entric1oad may be used for de芦ign purpose．

                             （ユエ）
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Table2Comparison between test fesu1ts with ca1cu1ated resu1土s

1 b h d／h ～ em e．teSt e．Ca e．teSt
Column

P．test P，ca1 P．test
止gノ・・ kgノ・m・

Remark
Cm Cm cm Cm Cm C㎜ e．CaI tOn tOn P，cal

I 3．30 3．16 1．044 7．75 8．59 0．902
A 60 m 60 6 9 O．833 296 3430 3 3．30 3．22 1．025 5．35 4136 1．227

V 3．47 3．29 1．055 3．95 3．54 1．116

I 4．20 3，65 1．151 7．40 7．96 O．930
A120 III 120 6 9 0，833 296 3430 3 4．50 3．88 1，160 3．65 3．10 1．一178

V 4．17 4．1O 1．O17 2．68 2．37 1．131

I 5．46 4．57 1．195 6．OO 7．02 O．855

A180 m 180 6 9 O．833 296 3430 3 5．12 4．99 1．026 2．45 2．11 1．161

V 5．42 5．37 1．O1O 2．09 1．56 1．340

I 3．35． 3．16 1．060 8．87 9，06 O．979
II 3，23 3．18 1．O16 5．40 6．97 O．775

B 60 IH 60 6 9 O．833 318 3430 31 3．27 3．22 1．O16 4．66 5．97 O．781
lV 3．50 3．27 1．070 4，40 5．51 O．799

V ，3．59 3．28 1．095 4．69 5．39 O．870

I 4．34 3．66 1．186 6．20 8．02 O．773
II 4．48 3．73 1．201 4．33 5．52 O．784

B120 III 120 6 9 O．833 293 3430 3 4，50 3．89 1．157 4．16 4．30 O．967
1V 4．35 4．04 1．077 3．35 3．72 O，901

V 4，O1 4．1O O．978 3．00 3．55 O．845

I 5．11 4．58 1．116 5．05 7．28 O．694
II 5．22 4．70 1．111 3．65 4．33 O．843

B180 III 180 6 9 O．833 318 3430 3 5．45 4．97 1．097 2．93 3．06 O．958

W 6．45 5．24 1．231 2．90 2．52 1．151

V 6．25 5．34 1．170 2．73 2，37 1．152

A 60 m’ 60 3．25 3，22 1．O1O 4．28 4，50 O．951

A120 m’ 120 6 9 O．833 333 3430 3 4．16 3，87 1．075 4．1O 3．18 1．289

A180 III’ 180 5．55 4，96 1．119 2．44 2．16 1．130

B160 III 60 3．38 3．22 1．050 4．75 6．05 O．785

B120 m’ 120 6 9 O．833 333 3430 3 4．25 3，88 1．095 4．40 4．44 O．991

B180 III’ 180 5．55 4．96 1．119 3．OO 3．09 O．971

AΨerage 1，091 0．974

V  Conc1usions

   Two ca1㎝1ating methods of the u1timate capacity of concrete co1umns with

taking into consideration the co1umn def1ection under biaxia11y eccentric 1oads are

proposed．

   One is primari1y for computer ana1ysis，and it can ana1yze the comp1icatedbehavior

of the biaxia11y e㏄entrica11oaded co1umns．

   The other method is proPosed for practica1design，and it is（1eve1oped and refined

to achieve both simp1icity in use and，as far as possib1e，a rea1istic representation of

actua1behavior．

   The theoretica1uItimate1oads and def1ections ca1cu1ated by both methods agree

we11with the resu1ts df sixty－two mode1co1umns．

   These methods are recommended for genera1use．
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