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              Measurement of the Atmospheric Electricity III

                                 Kunihiro SUZUKI*

                            (Received September 13,1974)

               Procedures of data processing on the measurement with ion mo-

            bility spectrometer are described. The electric potential in the interior

            of capacitor of our mobility spectrometer is numerically calculated with

            Monte Carlo method. The fringe effect of electrode upon the poten-

            tial field in the instrument is mainly discuSsed.

  1. Introduction

  Acylindrical aspiration capacitor with an electode subdivided into two segments,

recently set up in this institute, which is reported in a series of this subjectエ)・2), is

commonly used in order to obtain the mobiIity spectrum of atmospheric ions. The

number density of ions in a certain region of the ion mobility is given as the first

derivative of observed ion current. Such a technique of the treatment of observa-

tional data with ion mobility spectrometer was originated with Misaki3)and improved

by Whipple.4)This procedure of data processing is briefly described in Section 2, for

convenience'sake of our discussion. The electric potential in the interior of instru-

ment has been calculated in two dimensionl approximation. We are interested in the

confirmation of the appropriateneSs of this approximation for actual instruments with

various sizes. It is the purpose of this paper to show the result of the calculation of

electric potential in three dimensional model, i.e. the fringe effect of electrode upon

electric field pattern. The electric potential for the case of our instrument is numeriー

cally calculated with Monte Carlo method, which is shoWn in Section 3. Howeve士,

the motion of atmospheric ions under this field is not yet investigated. Our considera-

tion of the electric potential in actual instruments with various sizes may be signifi-

cant to a certain extent for usual data analysis, which is under the study.

  2.Procedure of Data Analysis

  (i)Principle of instrumentation and motion of ions

  The actual electrode of our instrument(double-electrode condenser)is shown in

Fig.1。 The electric potential between two cyHndrical electrodes with the same ax三S

toward z-direction is obtained from solving Laplace equation expressed in the cylin-

drical coordinate as folloWs,

     ▽・φ一÷蕃(∂φγδア)+瀞+誓 夢一・.    (・)

For the case of electrodes with an infinite length, we may take the form of function,
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Schematic diagram of actua1e1ectode of1arge ion mobi1ity spectrometer in our

COOrdinate SyStem．
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φasφ＝φ（γ）．The so1ution of Eq．（1）satisfing boundary conditions is

     φ二。1nγ十6，                                     （2）

where
     6＝V／In（η／γ。），

     6＝一V1n（γ。）／1n（η／γ。），

ηandγ。are the radii of inner e1ectrode and outer e1ectrode，respective1y． Boundary

conditions are taken asφ（η）＝γandφ（γ。）＝0．The intensity of e1ectric fieId is given

aS，

                c
     jミ≡：＝一▽φ＝一一 ．                                        （3）

                γ

The motion of charged partic1es under this e1ectric fie1d attains the equi1ibrium be－

cause of viscocity．The radia1component of termina1ve1ocity，oκof partic1e at equi1ib－

rium is obtained as foIIows，

      伽カ    〃カ
     m2   ＝eEπ一一＝0 ，                                       （4）
       励     3

七hen

     o、＝eB瓦”…姻、，               （5）

where m and e are mass and charge of atmosPheric ion，resPective1y．B is the sca1ar

quantity exPressing magnitude of the viscosity of air，后is caued as e1ectrica1mobi1ity‘

and the motion of ion injected Para1e1I to the axis at the entrance of cy1indrica1

caPacitor is in two dimensiona1p1ane，which is expressed asκ一z p1ane．Using Eq．（5），

the critica1mobi1ity，々。of Positive ion injected at the Point，γ＝ηis given in the

fo11owing way．
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where4is the1ength of the first e1ectrodle of doubIe－e1ectrode condenser．Theκand

z components of ion ve1ocity are expressed as oヵand砂。，respective1y and o届is a

constant．From Eqs．（3）and（6），we obtain

后F02（茶ﾁ2一）1・（芸），

        φ

     ＝   ，                          （7）
      4伽ユγ

whereψ＝π（γ。2イ2‘）o．is the f1ux of air f1ow andα1＝Z1／21n（γo／γ。）is the norma1ized

1ength of caPacitor（the caPacitance of the first e1ectrode condenser divided by 4πピ

whereε。is the die1ectric constant of air）．

  （ii）The mobi1ity spectrum

  The critica1mobi1ity，后。f ion injected at the Point ofγ（γ1＜γ＜γ。）is simi1ar1y given

aS，

     后一〇2（墓ヂ2）1・（宍）・      （・）

The number density of ions with the mobiity，后which are trapped with capacitor

with the same1ength，Z，is

     ∫（后）茄三募1；一∫（・）差・     （・）

where∫（尾）is the mobi1ity density fmction．Therefore，the ion current to the first

e1ectrode of doub1e－e1ectrode condenser，∫。is

！－1・／戟G榊・か1）側・ （10）

The current to the second e1ectrode is given as foI1ows，

1－1・／
Pン（1）肋小1（1）仏レ（1）・吋舳）11〕・

（11）

where伽羅φ／4π（α、十α，）17＝α、尾。／（αユ十α。），

     α2二Z2／21n（γ。／γ｛），

and Z．is the Iength of the second e1ectrode．It is the fundamenta1

and Whipp1e3）that the number density betweenんand島is given

rivative of observationa1（1ata．The resu1t is

伽（吾）一仏）・・

which was deduced from Eq．（11）．The reso1ution

mined by the ratio，ん／后。＝α、／（α、十α，）．

（12）

idea of Misaki2）

as the first de一

。f ion mobi1ity sPectrum iS deter一

3．Ca1cu1a．tion of1ヨ11ectric Potentia1

Monte Car1o method is an effective way to so1ve

                                  （3）

three dimensiona1Lap1ace equa一
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tion，Eq．（1）for arbitrary boundary donditions．The we11－known procedure of ca1cu1a－

tion is as fo11ows．From Eq．（1），we obtain the fo11owing difference equation as the

second approximation of Tay1or expansion．
     φ（κ十尻，ツ，2）十φ（κ一乃，ツ，2）十φ（κ，ツ十ゐ，2）十（κ，卜乃，2）

     十φ（κ，ツ，z＋乃）十φ（κ，ツ，卜n）一6φ（κ，ツ，z）＝0，

Or

            1。

     φ（ηて言書φ（P1）・         （13）

where the points P｛are six neighbor points of a fixed point P．of the cubic1attice

and尻is an interva1between two neighboring points of the cubic1attice （the infini－

tesima1distance）．The boundary conditions are expressed as

     φ（Qゴ）＝γ（Qゴ），               （14）

where17（Qj）is the boundary－va1ue of e1ectrica1Potentia1at any boundary，Qゴ．

Letγ（P。，ρゴ）be the va1ue of e1ectricia1potentia1at the point，Qゴ。n the boundary

attained after the random wa1k to each point of cubic1attice which is started from

the Point，P。．It is a matter of course thatγ（Qゴ，Qゴ）comes to beγ（Qゴ）．We can

show that the so1ution，G（P。）at the Point，・P．of Eqs．（13）and（14）is exPressed as，

     G（P。）＝E｛17（P。，Qゴ）｝               ’       （15）

when E｛｝denotes the expectation vaIue obtained by many tria1s of random wa1k．

The resu1t of random wa1k from the Point，P．is attributed to the resuIts of rand〇一

wa1ks from six neighbor points片in the probabi1ity1／6，respective1y． Therefore，we

get

       1・
G（P・）＝詰、G（P1）

and G（Qj）＝γ（Qj）． Eq．（15）is the so1ution of Eqs．（13）and一（14）by the uniqueness of

SOIutiOn．

  For the case of our instrument，we ca1cu1ate Eq．（15）by using the pseudo random

number which is continuative1y given by the fo11owing iterative form亡1ar．

     ル十、＝（29＋1）κ。十1（mode280），             （16）

where the initia1vaIue，κ。is taken to be2343． The resu1t of X－square test of our

random number is shown in Fig．2，where

     X2一Σ（Fr”（H，2，．6），
      ∫ ｛ ハ

X2 黹ｰ（Gザ…）2 i、，ノーユ，2，．6），
 身 〃  9む

ハand∫1are exPerimenta1and theoretica1frequency，resPective1y．Gηand蜘（su㏄essive

corre1ations）are experimenta1and theoretica1frequency at which theフーth mmber

occures after the o㏄urrence of theづ一th number． The va1ue of X is sufficient1y
                                                             ！

（4） Memoirs of Chubu
Institute of Techno1ogy
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smau but that of X is s1ight1y unfavorab1e as shown in Fig．
                     9

of course induces a s1i竺ht error to the resu1t of ca1cu1ation
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2，the resu1t of which

of e1ectric Potentia1．
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2 Resu1t of X－square test・The va1ues of X－square・X享and X3，for the events of random

  mmbers in independent process and simple Markoff Process，resPective1y，are shown

  for the count of tota1random mmbers．

T8ble1 For the case of e1ectrode with an infinite1ength，the mmerica1solution by Monte
Car1o method is i11ustrated as compared with the ana1ytica1so1ution，Eq．（2）．

r（Cm）
Ana1ytica1 Monte Error（％）

Number of
Solution Car1o Tria1s ゐ（Cm）

4．O（＝r壱） 100．O 100．0
一 ■ 目

4．ユ 88．93 88．28 0．7 2500 0．02

4．2 78．14 77．96 0．2 2300 O．025

4．3 67．59 67．25 0．5 2800 0．033

4．4 57．29 57．10 0．3 2900 0．033

4．5 47．22 47．07 O．3 2900 O．033

4．6 37．37 37．22 0．4 3200 0．033

4．7 ＊27．73 ＊27．77 0．1 3900 O．033

4．8 18．29 18．46 O．9 2800 O．025

4．9 ＊9．05 ＊9．19 ユ．5 3100 0．02

5．0（＝r。） O．0 O．0
■ 一 一

（5）
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However，the error is endurab1e，which is ascertained by an examp1e of the ca1cu1ation

for the case of e1ectrode with an infinite1ength．For the comParison with the

ana1ytica1so1ution，Eq．（2），the numerica1so1ut兵。n by Monte Car1o method is i11ustrated

in Tab1e1． Some numerica1so1utions asterisked in TabIe1are shown in Fig．3as

the fmction of the number of tria1s．
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Fig．3 Asymptotes of some numerica1so1utions．The so1utions asterisked in Tab1e1are shown

      as the fmctions of the mmber of tria1s of random wa1k．

  For the case of actuaI capacitor of our instrument（η＝4．0cm andγ。＝5．0cm），we

show the numerica1soIutions in Fig．4，where equipotentia11ines in a part of the

caPacitor，i．e．near the fringe of the e1ectrode are drawn，but it shou1d be noted that

each potentia1difference between two neighboring1ines is not a1ways identica1in

                                     （6）            Memoirs of Chubu
                                                            Institute of Techno1ogy
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Fig．4 Equipotentia11ines in a part of the actua1capacitor，i．e．near the fringe of the e1ectrode．

this figure．Equipotentia11ines become rather rough because of the scantiness of the

points at which the potentia1s are numerica1Iy ca1cu1ated． The appreciab1e shift of

the numericaI so1ution from the ana1ytica1one，Eq．（2）for e1ectrode with an infinite

Iength remains within the distance of3cm from the fringe for inside and outside of

the capacitor．This distance is not so1arge as compared with the tota11ength of our

actua1e1ectrode，i．e．68cm．

4． Conc1usion and－Discussion

  （1） The so1ution of LaPIace equation in the interor of the cy1indrica1asPiration

capacitor set up in this institute was so1ved by Monte Car1o method，whi1e the so1ution

in two dimensiona1approximation is usua11y used for data ana1ysis on the ion mobi1ity

spectrum．一It was found that the appreciab1e difference between the former and the

1atter remained within no more than the distance of3cm from the fringe of e1ec－

trode in our instrument on1arge ion mobi1ity spectrum．This difference，however，

being conjectused to be more aPPreciab1e for sma11ion mobi1ity sPectrometer where

the1ength ofγ。fair1y differes from that ofη，the consideration in this PaPer is

necessary to more extent for data ana1ysis on sma11ion mobi1ity sPectmm．

  （2）It is the finaI PurPose of our consideration to count the number of ions traPPed

by the e1ectrode，which is under the study．We must so1ve the equation of motion

of the ion und－er actua1fie1d and consider the remova1of ions by the stray fie1d at

the entrance of caPacitor．

  （3）It takes g hours on FACOM270－30comPutor to ca1cu1ate the actuaI PotentiaI

fie1d for one instrument in our a㏄uracy．In order to reduce the time of ca1cu1ation，

another method such as re1axation method may be required on the basis of the

resu1t of Monte CarIo method．
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