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        Numerical Analysis of Three Dimensional Boundary Layer I

                   ― Separation of the Layer with Constant

                             Adverse Pressure Gradient

                                 HirakaZu TORI-I*

                             (Received September 25,1974)

               The formulas for an approximate solution are deduced by the

            momen七 一method. These formulas are available to solve numerically the

            boundary layer equations of three dimensional incompressible steady

            floW over a body surface. Then the first case of application is given,

            which is one of the simplest where the boundary layer is resisted by

            aconstant pressure gradient. Three flow patterns near the separation

            region are obtained. One of them iS the so.called singular separation

            flow, and the others ordinary ones. These ordinary separation flows

            are distinguished, one from the other according to the behaviour of

            the secondary flow. That the flow patterns of some ordinary separation

            have a good resemblance to the singular separation flow, is shown.

  1.I皿troduction

  In a three dimensional boundary layer, in general, the velocity must be described by

two components. Thus the two dimensional definition of separation, the vanishing of

one of skin friction components, may sometimes mean a local change of the flow

direction at the surface. Therefore it is necessary to establish the criterion for the

three dimensional boundary layer separation.

  Many qualitative concepts have been proposed, but few quantitative ones. The

Ieading ideas concerning the separation of three dimensional flow, first proposed by

Prandt1,1)are basgd on the examination of the pattern of the limiting streamlines on

the body surface. By the branching loci of limiting streamlines, Maskell 2)distinguished

the ordinary separations from the singular one. In the topological study on separation,

Lighthil13)proposed tWo singularities, nodal point and saddle point, and cylindrical point

as the third situation among the net work of limiting streamlines. He identified

further a separation line as the line which joins a saddle point to a nodal point of

separation.℃ylindrical points always occur as a line of such points.

 Maskel1's criterion of limiting streamlines or Lighthill's of the line joining two

singularities has improved our understanding of the separation, but now it may be still

adequate. More informations, however, of the flow patterns near the separation region

in the internal flow have to be brought to establish the complete determination of the

thr6e dimensional boundary layer separation. In particular, experimental measurements
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or nurqerica1resu1ts are very usefu1．4）

  In this paper，so1ving the three dimensiona1boundary 1ayer equations over a f1at

p1ate，from the1eading edge to the separation region，though the a㏄uracy of approx－

imation of the boudary 1ayer equations may decrease in such a region，the

re1ationship between parameters concerning the outer f工。w and the f1ow patterns in

the separation region has been studied．Three representative f1ow patterns of the

separation region have been found，which may be c1assified－as fo11ows：1）singu1ar

separation points occur as a continuous1ine of such points，

2）the direction of the cross f1ow near the p1ate and that at the outer edge are the

same，3）these directions are opposite．

  The ca1cu1ation method used in this paper is ca11ed the moment－method，which was

proposed and－deve1oped by Yamada5）and others．

  2．Basic equa九ions and－tra．nsformations

  The boundary1ayer equations of three dimensiona1steady incompressib1e f1ow over

a f1at p1ate are

        ∂m ∂m  ∂m  ∂σ  ∂σ  ∂2m
       m一十〇一十ω一＝σ 十γ 十γ ，          （ユーa）
        ∂κ ∂ツ ∂2  ∂κ  ∂ツ ∂2z

         ∂o ∂o ∂o  ∂γ  ∂γ  ∂2o
       m一十〇一十m一＝σ    十17   ＋γ   ，                     （1－b）
        ∂κ ∂ツ ∂2 ∂κ  ∂ツ ∂z2

and－the continuity equation is

        ∂m  ∂o 一∂〃
          十    十    二0，                                              （2）
        ∂κ  ∂ツ  ∂z

where m，o，and m are the ve1ocity comPonents inκ，ツ，and乏directions of Cartesian

coordinates respective1y．The p1ate forms the ha1f－p1ane，z＝0，κ≧0．σandγare

ve1ocity components of the externa1inviscid f1ow inκandツdirections．

  The boundary conditions for m，o，andω乞re

       z＝0：m＝〇二¢o＝0，
                                                                    （3）

       急→○o：m→σ，〃→γ．

  Letδ（κ，ツ）be the boundary1ayer thickness，αa specific1ength， and σ a specific

ve1㏄ity．Introducing the new dimension1ess coordinates

        ξ＝王，η＝ユ，ζ＝三，             （4）
           α    α    δ

and non－dimensiona1quantities

        ．  m    ．  o    。  〃
       m＝  ，o＝  ，ω＝一一，           σ。    σ。    σ。
                                                                    （5）

           σ     γ     δ
       σ’＝一一，17’＝ ，△二一，
           σ。    σ。   α

we have the fo11owing transforms：

       £一夫（嘉一2妾箒3ζ）・品一夫（∂ト妄箒壬）・
                                                                    （6）

       £、芸品・ξ；・一（、芸）2∂さ・

where X＝児△2，R is a Reyno1ds number：

                                     （2）            Memoirs of Chubu
                                                            Institute of Techno1ogy
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      R』α                （7）
           v

and v is the kinematic visoscity．

  E1iminatin9 ω from Eqs．（1）and（2），and using the transformations introduced

above，we have
       工・（〃・・）一唯一2妄箒昔）・・（午妄箒苦）

          ・暮芸／：（一話・妄寄書ざ一書・去書青紗／

          一（ぴ晋・γ’糺圭；撃一・・     （・一・）

      工〃，・）一唯一基；ξ謀）・・（㌣。麦；亭芽）

          ・書芸／：（一話・女；ξ1ぎ；多・女1言；多）κ

          一（叫’・叫’）一具；ぎ一・・     （・一・）

where the boundary conditions（3）become now in the form

       ζ＝0：m’二〆二0，
                                                                  （9）

       ζ＝1：m’二ぴ，o’二γ’．

 3．ApPmximate equations

 In this paper，the moment－method due to Yamada and others，which is one of the

weighted residuaユs method，is emp1oyed．An apProximate so1ution of the boundary

ayer Eq．（8）is assumed in the form

       m（ξ，η，ζ）＝Σ吻（ξ，η）ζ4，   o（ξ，η，ζ）＝Σoゴ（ξ，η）ζゴ，  （10）
                  ξ＝o                         戸。

where the set（ユ，ζ，ζ2，ζs，……）constitutes a comp1ete set in0≦ζ≦1，which corres－

Ponds to the boundary1ayer thickness．The expansion coefficients物and吻are to be

determined，some of which by the boundary conditions（9）and new1y added ones：in a11

       ／一・：π一・・；ト・（ぴ；讐・γ’；9！・

            1一・・；撃一・（吋’・γ音／・    （11）

                   ∂π    ∂切
       ζ二1：売二σ’，  ＝O，   二〇，
                   ∂ζ   ∂ζ2

                   ∂o    ∂2δ
             ラ＝γ’・∂ζ＝0・可＝0・

and the others by the requirement of vanishing first three moments：

      ／1工・（万・…）ζ・・ζ一…  一・，1，

              ＿         一                    （12）
      ／1工・（万・・．，・）ζm・ζ一…  一α

 Our approximate so1usions（10），after satisfaction of the boundary conditio耳s

（11），may be written as

       m（ξ，η，ζ）＝ぴF（ζ）十Xλ・G（ζ）十廿∬（ζ），

      ＿                                （13－a）
       o（ξ，η，ζ）＝γ’F（ζ）十XB・G（ζ）十9∬（ζ），

                                    （3I）
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where
      F（ζ）＝2ζ一2ζ8＋ζ4，  G（ζ）＝ζ一3ζ2＋3ζ8一ζ4，  ∬（ζ）＝一ζ十6ζ8－8ζ4＋3ζ5；

      λ（い）一老（ぴ；讐・γ’晋）・・（ξ1）一夫（ぴ書ξ’・γ書ξ！；

      廿（ξ，η）二m、（ξ，η）／3， g（ξ，η）＝〃、（ξ，η）／3．             （13－b）

Two parametersθ，g，and the boundary1ayer thickness parameter X，which remain

undetermined，have to be determined now by the moment equations．

 Thus we obtain

      α、X∂廿十λ、∂X＋6・、X∂廿十B、∂X＋。、X∂ρ十F、一0，
          ∂ξ     ∂ξ       ∂・η     ∂・η      ∂・η

           （1） ∂σ’ （2）’∂ぴ （3） ∂γ’ （4） ∂λ （5）’ ∂λ （6） ∂B （7）

      F。＝∫X＋∫X＋アX＋！X2 ＋∫X2 ＋∫X2＋！           ・ ∂ξ ・ ∂η ・ ∂η ・ ∂ξ ・  ∂η ・ ∂η ・・

                                                             m＝0，1，

      α1・1ξ・…箸・噌・ら’・1寿・ん’1奇・瓦一・・  （14）

      吋）’呼・∫：2）・書ξ’・ぺ3）’・1ξ’・∫：4）ペチ・・：5）・・晋・∫：6）ぺ・∫：7）l

or，so1ving these three equations for∂廿／∂ξ，∂g／∂ξ，and∂X／∂ξ，we have

       ∂δ   Kユノ1o－K。■4ユ

       ∂ξ X（α。五、一αユA。），

       ∂X  K。α、一K、α。
          ＝                               （15－a）
       ∂ξ α。λユーα、λ。，

諸一、，。（、。λユ三、、λ。）／1・’（・・λr・・ん）・夙（・・1r・・1・）…（1工λ・一1・λ・）／・

where

K。＝一う㌦X ∂サ十B、∂X＋。呪X∂ψ十F、，
∂η   ∂η    ∂η

m＝0．1，
（15－b）

・・一…；寿・λ’音・兄・

and。α。，6免，c。，andア。（i）are1inear functions ofθ，Xλ，and U’，andα’、，ろ㌧，c’。，and∫。（i）’

1inear ones of g，XB，一andγ’．Further A，are quadratics ofθ，XA，andぴ，and B．

are duadratics of Products of Previous1inear ones．

 The set of equations（14）or（15）is the fina1form of the set of moment equations，

adequate to our numerica1treatments．It is avai1ab1e for a11cases of the three dimen－

siona1steady incompressibIe1aminar boundary1ayer fIow over a f1at p1ate．

 The numerica1coefficients of these functions are tabu1ated in Tab1e1，2，and3．

 4．The1ea．aing－eage va1㎜es

 As the first apP1ication of the ca1cu1ation scheme derived above，we take up a

quasi two dimensiona1prob1em，that is the f1ow which isindePendent of the coordinate，

η．T11en，as may be seen from Eq．（15），once the va1ues and dεrivatives of the

unknown Parametersθ，ψ，and the boundary1ayer thickness parameter X at the1eading

edge of a f1at p1ate are known，the va1ues of these parameters can be eva1uated

integratin9（15）a1on9ξ一。oordinate．We must therefore find so－ca11ed1eading edge

Va1ueS．

（4） Memoirs
InStitute

  of  Chubu
of Techno1ogy
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αo

α■

α’

B

ろ’。

ろ’。

ろ。

 co

 ci

c’
｢

∫。（1）

／。（1）

！。（■）’

！。（2）’

！、（2）’

！。（2）

∫。（3）

∫工（8）

！里（筥）’

！。（4）

！ユ（4）

！。（4）’

！。（5）’

！、（5）’

！。（5）

！’）

！ユ（6）

∫。（6）’

∫。（7）

！。（7）

！。（7）’

θ（ψ） XA（XB） U’（V’）

 O．300144×ユO’■

 O．158225×10．1

 0．150072×10－1

 0．150072×10一ユ

 0．541126×10－2

 0．150072×10－1

 0．150072×10－1

 O．104113×10■1

 0，300ユ44xユO－1

－O．125397×ユ0o

－O．719047×10－1

－0．626984×10■1

－0．626984×ユO■■

一〇．280664×10■1

－O．626984×10’工

一0．626984×10’ユ

ー0．438384×10．ユ

ー0．125397×10o

－0．150794×10．ユ

ー0．785714×10－2

－0．753968×ユ0－2

－0．753968×ユ〇一2

－O．248918×］一0－2

－0．753968×10■2

－0．753968×10－2

－O．536797×10－2

－O．150794×コーO’ユ

ー0．1    ×10＋ユ

 0．O

－0．1    ×10＋1

一〇．150794×10’1

－0．709957x1〇一2

－O．753968×10L2

－O．753968×10－2

－O．248918×10L2

－O．753968×10－2

－O．753968×10－2

－0．461039×10－2

－0．ユ50794×ユ0’1

 O．563492×10一■

 O．294048×10一■

 O．281746×10’1

 O．281746×10一■

 O．115079×10一■

 0．281746×10■1

 O．281746×10■工

 0．178968×10■i

 0．563492×10■1

 O．793651×10－2

 0．363095×10一里

 O．396825×10－2

 0．396825×ユO．2

 0．119048×10－2

 0．396825×10－2

 0．396825×10．2

 0．244048×10－2

 0．793651×10■2

－0．5    ×ユ0＋ユ

ー0．3    ×10＋ユ

ー0．5    ×10＋■

一〇．253968×10’■

一0．103608x1O．ユ

 O．373016×10一■

一0．626984x1O一■

一〇．280664×10■ユ

ー0．626984×10．■

 O，373016×10’1

 O．177056×1pT工

一〇．253968×ユ〇一ユ

 0．465079×10o

 O．332302×10o

－0．117460×100

 0．582540×10o

 O．393651×100

 0．582540×10o

－0．117460×］一0o

－O．613492×10一■

 0．465079×100

 0．634921×10－2

 0．162698×10－2

－O．218254×10一ユ

 O．281746×10一■

 O．］一15079×10－1

 O．281746×10一ユ

ー0．218254×10一■

一0．988095×10■2

 0．634921×10’2

 0．2    ×ユ0＋1

 0．1    ×ユ0＋■

 0．2    ×ユO＋i

Tab1e．2

1 ム，ム’ ノ、

θ2

（〆） O．750361×10－2 O．520563x1O’2
2

・Xノi蒋蛆） 0．992063×10－2 0．485119×10’2

θXノ
（ψX3） 一0．226190×10’1 一〇．128463×10’1

σ’θ

（7’9） 一〇．126984×10一ユ 一0．130664×10一ユ

σ’Xノ

（グ’XB） 0．952381×10－2 O．563492×10－2

σ・2

（7’2） 一〇．587302×10一 一0．306746×10一ユ

（5）
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  Tab1㊥．3

石。 B。 見

θψ O．750361×10－2 O．520563×10＾2 0．750361×10．2

θxB 一〇．！13095×10■1 一〇．805195×10＾2 一〇．113095×10’工

gXノ 一〇．u3095×ユO一■ 一〇．479437×10－2 一0．1ユ3095×10’ユ

X2，4B 0．992063×ユO－2 O．485119×10＾2 0．992063×ユO‘男

γθ 一0．313492×ユO’■ 一〇．219192×ユ〇一 O．ユ865C8×10一

σg O．186508×lO一工 O．885281×ユ0’2 一0．3ユ3492×ユO’ユ

7Xノ O．422619×10■ユ O．204563×10＾■ 一0．327381×10一

σXB． 一〇．327381×ユ0一■ 一〇．148214×ユ〇一 O．422619xユO一］

σグ 一0．587302×10一ユ 一0．306746×！0＾1 一〇．587302×10一コ

一0 1ユ3095×10’ユ

 ○ ユ865C8×10．■

一0 3ユ3492×ユO’ユ

ー0 327381×10’ユ

 0422619xユO一■

一0 587302×10一ユ

N・w・・w・h…t・・…m・th・tth・b…d・・y1・y・・thi・k・・・・…i・h・≒・tth・

1eading edge，Parameter X apPro蔓。hes to the1imiting va1ue zero when ξ tends to

zero．Then for the right side of the first equation of Eq．（15）in order to tend to a

finite va1ue，the numerator has to tend to zero，and this condition gives a cubic

equation ofθ，one of whose so1usions is obtained as the 1eading e｛ge va1ue ofθ，By

using this va1ue ofθthe1imiting va1ue of the right side gives the derivative ∂θ／∂ξ

at the1eading edge．

  In such a way，from the remainders of Eq．（15），the 1ead－ing edge va1ues of

parameterψ，and derivatives∂ψ／∂ξand∂X／∂ξare determined．Once the1eading edge

va1ues of parameters and their derivatives are known，Eq．（15）can be integrated by

the fourth order Runge－Kutta method a1ongξ一。oordinate．

5．T11e externa1f1ow

  The main object of this first study is to ana1yse numerica11y three dimensiona1

f1ow pattems near the separation region．The prob1em，therefore，wi11be restricted to

the simp1est case of the constant ad－verse pressure gradient．Further，as stated above，

it is assumed that the f1ow is independent ofη．

  For this case，the equation of externa1inviscid f1ow may be written as

          ∂σ・      ’∂γ’
       ぴ  ＝一K、， σ ＝一K宮，             （16）          ∂ξ      ∂ξ

where constants K．and－K．are given arbitrari1y．By so1ving these equations，we obtain

the ve1ocity components of the extema1f1ow

       ぴ一・・一・・ユ／・γ’刈・て竿r（・イド・・ユ1）／   （・・）

wherγ’。is another arbitrary constant．

 In：numerica1integration，assuming K、＝1，we may determine the extema1f1ow pattems

by the va1ues ofγ’。and K，．

 In other cases of adverse pressure gradient we think that resu1ts are qua1itative1y

the same as ours．An examP1e we have tried is rather mathematica1and ca1cu1ations

are main1y for the test of approximation6）：

       σ’＝1一局ユξ， γ’＝γ。’（1一店，ξ）．             （18）

                                    （6）           Memoirs of Chubu
                                                           Institute of Techno1ogy
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  In this case，whenγ’。is zero，the bound－ary1ayer is that of Howarth，and－when

ぴ＝const．，the Prob1em is of crossf1ows dis㎝ssed by Sowerby and Loos．In each case，

our so1usions are a1most identica1with them over a11the1ayers，proving the a㏄uracy

of the moment－method．In the fu11case of（18），our resu1ts are a11the same

qua1itative1y， to the case of constant adverse pressure gradient，but the detai1s are

not mentioned here，because of the practicaI difficu1ty of rea1izing this fie1d of outer

f1ow．

6．Conc1usion of the first case

Numerica1ca1cu1ations have been done in many cases corresponding to different sets

                 ω             α

ζ

1O

ξ＝O．01

π

6．0

5．0

4．0

3．0

2．O

1．O

τ1

τ2

V。』0．5

K。’＝O．5 2．0

1．5

   τユ

1．Oそ。

O．5

ε

ζ

ζ

O  O．2 0．4 0．6 0．8

            私δ

a） ve1ocity profi1es，

1．0

1．0

V。’＝1．0

鴎＝O．5

ξ：O．10845

ξ＝O．01’

ξ：O．10845

 1，0                 0    0，02  0，04  0，06  0，08  0．10

                              ξ

                   b）boundary1ayer parameters．

Fig．1Singu工ar separation

   δ

［

 α

［

ξ＝0，01

6，O

5．O

4．O

3，O

2．0

1．O

τ2

V。’＝1．0

K邊’：O．5

0     0，02   0．04 O．06  0，08  0．1O

ξ

2．O

1．5

   τ1

1．O τ2

   ε

O．5

00．20．40．6
              砥δ

a） veIocity profi1es，

0．8  1．O

b）bomdary1ayer parameters．
Fig．20rdinary separation

       （7）
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ζ

1．O

O．8

O．6

O．4

O，2

ξ＝0．10845’

［
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ξ1O．OI

［

ξ＝O．O1

6．O

5．O

4．O

V。’＝0．5

晦：1．O 1．5

1．O
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3．O

2，O       λ
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30rdinary separation
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                    伽1（％）

4The f1ow direction．near the separation region．
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5Tbe f1ow direction near the separation region．

（8） Memoirs of Chubu
Institute of Techno1ogy
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of17’。and K，．Resu1ts of caIcu1ation can be c1assified into three types with regard to

the f1ow pattems near the separation region．Whenγ’。＝K。，singu1ar separation points

occur as a1ine of such points（Fig．1）．Whenγ’。＞瓦，the direction of the§econdary

f1bwnear the p1ate and that at the outer edge arethesame（Fi9．2）．Whenγ’。＜K，，these

two directions are oPPosite（Fig．3）．Figures show the change of the ve1ocity profi1es

（Fig．～a），and the deve1oPment of the boundary1ayer thickness parameter X，the skin

frictions7、≡（∂π／∂ζ）ζ。。，7，≡（∂δ／∂ζ）；。。，and the direction of the1imiting stream1ines

ε≡tan一’（7，／τ、）（Fig、～b）a1ongξ一。oordinate from the1eading edge to the separation

regiOn．

 As seen in Fig．5，the difference between the f1ow directions of the ordinary separation

and that of the singu1ar one（K，＝0．5）seems to be not distinguished practica11y inζ＞

0．1．This seems that，when the magnitude of the secondary f1ow is smau，even though

the ordinary separationo㏄urs，the f1ow pattem neartheseparationregionwe11resemb1es

that of the singu1ar separation．Hor1ock’s statement that in many cases in turbines

and compressors the f1ow is1arge1y two dimensiona1up to the separation，may be，in

a part of o㏄asions at1east，based on such resemb1ance．
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