21

Numerical Analysis of the Bending Moment in Inhomogeneous
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The differential equation of the deflection surface of inhomogeneous

thin plates whose moduli of elasticity vary with place, is derived and a
numerical method useful for an accurate evaluation of the problem is

' proposed. The result of numerical calculations for uniformly loaded
square plates whose Young’ s modulus varies with place, indicates that
the maximum bending moment can be reduced, at least, to 70 per cent
in comparison with that of the plate whose flexural rigidity is uniform
in the case of a simply supported plate and to 53 per cent in the case
of the plate whose two opposite sides are simply supported and the

others are clamped.

1. Introduction

There are several papers described about the problem of an inhomogeneous media®s2’,
but the studies dealt with the bending problem of an inhomogeneous thin plate made of
the material whose elastic properties vary with place are few. Evidently the distribution
of the bending moment is not affected by the flexural rigidity when it is constant as
in a homogeneous plate of uniform thickness. In the case of an inhomogeneous plate,
however, the effect of the non-uniform flexural rigidity on the bending moment has not
vet been clarified. The purpose of the present paper is to examine this ambiguous point.

First, the differential equation of the deflection surface of inhomogeneous thin plates
is derived under the same assumptions as of homogeneous\' thin plates. Secondly, the
differential equation is solved by the use of a double trigonometric series. Finally, the effect
of inhomogenity of the Young’s modulus on the distribution of the bending moment
is fully examined numerically for uniformly loaded square plates.

2. Differential equation of deflection surface

Taking the coordinate axes x and y in the middle plane of the plate and z axis
perpendicular to that plane, the displacements #, v parallel to the x, ¥ axes respectively
are represented as in a homogeneous thin plate by

—_gow 0w '
U=-—z5 - v zay (1)

where, w is the displacement parallel to the z axis. The relations between the stress and
strain components for plane stresses in the x—y plane can be represented by the
following equation
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Ox Cll Clz 0 Ex
oy |=|Ciz Css 0 ey (2)
Ty 0 0 Css T2y
where, Cy1, Ciz, Caa, Css are the moduli of elasticity which are functions of x and 9,
Substituting Egs. (1) and (2) into the equation of equilibrium

Ooy a’Txy OTzz —
ox oy o2 =0

OTyz Joy OTys _
ox + oy + oz 0 (35

OT sz OT .y o,  _
ox + oy + oz 0

the different1a1 equation of an inhomogeneous thin plate is obtained as

otw otw 84w aCn o3w oH 3w
= 12 [Cll oxt +25- ox20y? +Ces +2{ ox ox3 oy 0x20y
oH o3w 5022 93w } (a C]_l + 02 Clg ) ozw + ( 02 Clz + o2 ng o%w
ox oxoyr T oy oy ] \Tox® 3y | ox® ox? oy° ) oy2
82C33 ozw
Sy oxoy  0x0y } (4)

where, H=C12+2Cs3s, g : the lateral load acting on the upper surface of the plate, % :
the thickness of the plate. '

In the case of isotropy, Eq. (4) is expressed in the form containing only two elastic
moduli, namely Young’s modulus E and Poisson’s ratio v, as
acn (VZ )+28011

-———h—‘[(‘llv w2

82C11
12 X

o
a—y(VZW) ‘|‘{ S5x2

| 02 C11 2w
<vcu>} Gl +{—2<vcn>+ R

Sxoy a oy 1 (1Cu aﬂ (5)
where, C11=E/(1—»2)

Assuming that Poisson’s ratio v is constant throughout the plate, the ‘equation is
reduced to

+ 2=

de O oe o%e [ Q%w
= 4  9€¢ 9 (e 2 D
g =Do[eviw-+2 S B (VW) 250 SV ( o
2w o%e ( 02w a w ) 2e  Q%w
Tty oy? ) + oy? ox2 * 2050y axay ox0y ] (6)

where, Do=E¢h3/12(1—v2), e=E/E,, Eo: the averaged value of E throughout the plate.

3. Numerical method solving the differential equation
As a solution of the differential equation (6), the deflection w can be represented as
K L
w=f(x, ¥) 2 X wn sinﬁx sin—— Iz y (7
k=1 l=1 a b )
where, a, b are the side lengths of a rectangular plate.
Substituting w into Eq. (6), it becomes
K L
q/Dy =31 > wm En (8)
k=1 1=1

(2) Memoirs of Chubu
Institute of Technology



Numerical Analysis of the Bending Moment in Inhomogeneous Thin Plates

vhere,
En=Cgf Sln—IZ—x sin%y—l—c,d cos—k——x s1an—
+Cgf sm]iTﬂx coslT”y—l—C,cL cos—k—”—x cos—lbLy (9)
=e[ver{o{ ) oG S o) 2T o
+ (%”) (%) 1)
+2 8x Bx Zf {3< a )2+<_£>2}f]
+2 ay ay vef- {( a )2 ( 3 )2}f]
e S TS w R T
S ) )
20085 2
cif=te - (v {5 + (5 ) )
vl L STl G{vereegd 10
) ) S g 5]
B F)aan s 4
o=t D (vrr-{{45) "+ (5 W)y o o
228 Er oo rra L) + () 1)
ot i’” L) el T )
+2(1—9) axay kTﬂ %
ce kr Ir  02f de kr Ir Of
Ci'=8e= b~ axdy Yoz @ b oy
T
Ew can be expressed by the use of a double trigonometric series as
Ekz_mg:l ElB}g;”" sin smT ¢h))
where,
= ;lb 5 j Eun st”a—x sm——b—ydxdy 12)
q/D, can be expressed as
g Z 2 gmn sml”fx s1nTy 13)
0 m=1 n=1

(3
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where,

_ 4 (e q . mrw . nm
qmn———ab jojo D, s1n———a x s1n——b y dxdy

From Egs. (8), (11) and (13), we obtaine
K L
gmn=— > S wuB

k=1 =1

Rl 14
where,

m=1, 2, -, K, n=1, 2, -, L
The unknown coefficients ws can be obtained by solving the simultaneous equations
(14). The function f(x, y) is determined so as the deflection w satisfies the prescribed

boundary conditions.

4. Numerical results

Numerical calculations were performed for a square y
plate with side length a as shown in Fig.1l. The lateral a

load ¢ is assumed uniform go and the Young’s modulus
E varies only in the x-direction by

. E=E,(1+a cosszrrx) (15)

where, a: constant, m: integer. 0 —

Assuming the Young’s modulus E as in Eq. (15), the i
. . . Fig. 1 A ahape of a plate
constant By in Eq. (12) vanishes when # is not equal to Z. and x, y coordinates.
Accordingly, the unknowns wm can be determined by solving L times the simultaneous
equations of K unknowns.
a) The square plate whose two opposite sides (x=0,a) are clamped and the others
(y=0, @) are supported.

In this case the boundary conditions are satisfied when f(x, ») is expressed as

flx, v =sin—Z—x (16)

Table 1 The accuracy of the calculating method Table 2 Examples of the convergency of series

used in this paper. (o1 wmae Mo Myman

Wmaz Memaz Mymaz 10—2goa%/Do | 1071goa2 10-1g0a2

1072g0a*/Do[10"2g0a® | 10~ 1goa® 20 0.20597 —0.54329 |  0.35783

Sallguéated 0.1918 —0.6962 0.2432 40 0.20479 —0.54555 0.36095

alue 60 0.20457 —(.54547 0.36183

Exact 80 0.20449 —054504 |  0.36222
e 0.192 —0.697 | 0244

x 0.5a 0, a 0.5a

a=—0.5, y=0.5b e=1l+a cos%n—x
To examine the accuracy of the numerical method proposed, a calculation was performed
for the particular case when « is zero, namely the flexural rigidity is unifom. The results
are shown in Table 1. The results given in the table show that the numerical error is
less than 1 per cent. The bending moment becomes minimum at the middle point of the
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sides (x=0, @) and maximum at the center of
the plate. In order to reduce the flexural rigidity
of the plate at those peak points, m is assumed 2
and « negative. As an example showing the
convergency of the series, numerical results are
shown in Table 2 when « is —0.5. From the
tables it can be concluded that the series used
in the calculation converges rapidly and the
results are sufficiently accurate. The absolute
value of the maximum moment Moaemae (in the
direction of x axis) and Mymass (in the direction
of y axis) are shown by curves in Fig. 2 as the
function of «. The figure shows that the ab-
solute value of the maximum bending moment
becomes minimum when a is —0.86 and its magni-
tude is reduced to 57 per cent in comparison
with that in the homogeneous plate.

b) A simply supported square plate,
When f(x, v) is given as
Sz, =1 an
the boundary conditions are satisfied. In this
case we take m equal to 1 and « positive. The
maximum value of the bending moment becomes
minimum when « is 0.7 and the value is reduced to
70 per cent in comparison with that in the homo-
geneous plate as shown in Fig. 3. When E is the
function of ¥ and ¥ the maximum value of the
bending moment can be reduced furthermore.
But the numerical calculation becomes more la-
mn

borious since Bg;” does not vanish even if # is

not equal to Z

5. Conclusion

The differential equation of the deflection
surface of an inhomogeneous thin plate was
derived and solved by the use of a double trig-

)
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Fig. 2 The maximum value of the bending
moment of a uniformly loaded square
plate whose opposite sides are clamped
and the others are simply supported.
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Fig. 3 The maximum value of the bending
moment of a uniformly loaded and
simply supported plate.

onometric series, The numerical results show that the accuracy of the method proposed

herein is sufficiently good and the numerical error is less than 1 per cent and the conver-

gency of the series is rapid enough for practical use. According to the numerical results

for uniformly loaded square plates, it is found that the maximum bending moment

occurring in inhomogeneous plate can be reduced considerably in comparison with that
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occurs in homogeneous plate when Young’s modulus varies in one direction only.

The result, however, does not indicate that an inhomogeneous plate is better than a
homogeneous plate because the plate having the prescribed elastic property cannot be
available always, and furthermore the allowable stress at the peak point affects immedi-
ately on the strength of the plates.

Nevertheless, those results obtained here are of theoretical interest from the stand
point of strength of materials.
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