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       Numerical Analysis of the Bending Moment in Inhomogeneous

                                  Thin Plates

                                Toshiyuki SAKATA*

                              (Received August 21,1972)

               The differential equation of the deflection surface of inhomogeneous

            thin plates whose moduli of elasticity vary With place, is derived and a

            numerical method useful for an accurate evaluation of the problem is

            proposed. The result of numerical calculations for uniformly loaded

            square plates whose Young'smodulus varies with place, indicates that

            the maximum bending moment can be reduced, at least, to 70 per cent

            in comparison With that of the plate whose flexural rigidity is uniform

            in the case of a simply supported plate and to 53 per cent in the case

            of the plate Whose two opposite sides are simply supported and the

            others are clamped.

                                 1. Introduction

   There are several papers deScribed about the problern of an inhomogeneous media1・2),

but the studies dealt with the bending Problern of an inhomogeneouS thin plate made of

the material whose elastic properties vary with place are few. Evidently the distribution

of the bending moment is not affected by the flexural rigidity when it is constant as

in a homogeneouS plate of uniform thickness. III the case of an inhomogeneous plate,

however, the effect of the non-uniform flexural rigidity on the bending moment has not

yet been clarified. The purpose of the present paper is to l examine thiS ambiguous point.

   First, the differential equation of the deflection surface of inhomogeneous thin plates

is derived under the Same aSsurnptions as of homogeneous thin plates. Secondly, the

differential equation is solved by the use of a double trigonometric series. Finally, the effect

of inhomogenity of the Young's modulus on the distribution of the bending moment

is fully examined numerically for uniformly loaded square plateS.

                 2. Differential equation of deflection surface

   Taking the coordinate axes x alld y in the middle plane of the plate and g axis

perpendicular to that plane, the displacernents u, zアparallel to the x,ニソaxes respectively

are represented as in a homogeneous thin plate by

       π一 ・窪 ・一一碧         (1)
where, w is the displacement parallel to the z axis. The relations between the stress and

strain components for plane stresses in the x-y plane can be represented by the

following equation
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       （ll）一（宇：ll：三ル）   （・）

where，C1■，C■2，C22，C33are the mod．u1i of e1asticity which are functions ofκand。ツ．

Substituting Eqs．（1）and（2）into the equation of equi1ibrium

        ∂σ犯十∂τ卿十∂τ脇＿0

        ∂κ  ∂ツ  ∂z

       禁・訂・誓一・       （・）
        ∂τ肌十∂・1砂十∂σ1＿0

        ∂κ  ∂ツ  ∂z

the differentia1equation of an inhom－ogeneous thin P1ate is obtained．as

       ・一宇；／…祭・・H∂鶏・・…暮二手・・1等姜宇・皆、鶏

         ・暮多∂纂夢・・∂書12訓・（帯ユ・努）姜芋・（∂祭・等2）；ll’

         ・・鶏3芸券〕        （・）

where，∬：Cユ2＋2C33，σ：the1atera11oad acting on the upper surface of the p王ate，ん

the thickness of the p1ate．

   In the case of isotropy，Eq．（4）is expressed in the form containing on1y two e1astic

modu1i，name1y Young’s modu1us E and Poisson’s ratioγ，as

       1一宇；／・・…ω・・∂暮麦1缶（・・ω）・・∂毒1島（…）・／∂；隻1

         ・券（・…）／票・／芸。（1…）・等1／掌

         ・・石器ツ1（・一1）・1・鴫〕      （・）

where，C■■；E／（1一γ2）

   Assuming that Poisson’s ratio v is constant throughout the p1ate，the equation is

reduced to

       1一・・／・・・…簑嘉（…）・・；葦暮ツ（…）・纂←（書撃一

       ・喋）・幕1（1裟・箒害）・・（・一1）蒜鴇〕  （・）

where，Do＝Eo炉／12（1一γ2），e二五／週。，五〇：the averaged va1ue of E throughout the p1ate．

           3．Numerica．I me仙。d so1ving the d－ifferentia1equ批ion

   As a so1ution of the differentia1equation（6），the def1ection m can be represented－as

                K工  ．冶π ．zπ
       mイ（κ・ツ）漫、互暮、伽・mακ・m6ツ        （7）

where，α，6are the side1engths of a rectangu1ar p1ate．

Substitutingωinto Eq．（6），it becomes
             K  z

       α／D。＝ΣΣ伽助                   （8）
            κ＝ユー筥1
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          后π   zπ    々π   zπ
万1FC急s・i・、κ・i・十ツ・C艀…、κ・i・ろツ

           后π   zπ     后π   zπ    十C島。 sin  κcos  ツ十C鮒。os  κcos  ツ
            α    ろ       α    ろ

・新一・／・・∫一／・（誓）2・・（筈）2／寡一／・（筈）2＋・（筈）2／

    ・1（筈）2・（与）2／2∫〕

    ・・音£／・・∫一！・（害）2・（筈）2／ア〕

    ・・l1品／・・∫一（害）2・・（筈）2／ア〕

    ・簑／芸・専一／（害）2・1（害）21∫〕

     ・絆茅・尊十（害）2・（筈）21ア〕

；斉／

                   ∂2e ∂2ア
           十2（1－v）
                   ∂κ∂、γ  ∂κ∂、γ

      ・急。一・・筈島／・・∫一1（害）2・（筈）21ア〕

           ・・簑筈島・・義筈／・・∫・・；；壬

           一1（害）2・（筈）2／ア〕・簑／・・筈；チ〕

           ・蒙r・筈；多〕・・（・一・）蒜筈；ξ

      ・1・一・・害品／・・∫一！（害）2・Hト）21ア〕・・義害島

           ・・簑害／・・∫・・芸壬一／（害）2・（筈）21∫〕

           ・姜多／・筈；壬〕・叢／・・害話〕

                   ∂2e 后π ∂ア
           十2（1－v）
                   ∂κ∂ツ α ∂ツ

      ・1・一・・筈筈∂姜茜・・；1害筈芸

           十4∂・后πZπ∂∫。2（1一γ）后πZπ∂2eア
              ∂ツ  α   6  ∂κ        α   6  ∂κ∂ツ

   亙〃。an be expressed．by the use of a doub1e trigonorn・etric series as

           亙 z   ．mπ  ．mπ
      石1F肌暮、蒼、琳Sm、κSm6ツ

where，

      ・篇犯一嘉／仏・・篭πκ・1・篭π舳

σ／Do can be expressedl as

            K  z
       σ＝ΣΣ伽、・mmπκ・1．mπツ
       D。肌＝。肌＝。  α  う

                                  （3）

（9）

（10）

（11）

（12）

（13）

23



 24                       Toshiyuki SAKATA

where，

       σ一一嘉／；／1者。・i・弓πκ・i・等ツ的

From Eqs．（8），（11）and（13），we obtaine

            K  工    伽m

       伽弼＝ΣΣω〃B                       （14）
            κ＝1一＝■  〃

where，

       m＝1，2，…，．K， m＝1，2，…，工

The unknown coefficientsω〃。an be obtained by so1ving the simu1taneous equations

（14）． The function f（κ，ツ）is determined so as the def1ectionωsatisfies the prescribed－

boundary cOnditiOns．

4．Numerica1resu1ts

   Numerica1ca1cu1ations were performed for a square

p1ate with side1engthαas shown in Fig．1．The1atera1

1oadσis assumed uniformσo and the Young’s modu1us

Evarieson1yintheκ一directionby
                     2m
       五二五〇（1＋αcos  πκ）          （15）
                      α

where，α：constant，m：integer．

   Assuming the Yomg’s modu1us E as in Eq．（15），the

constant3鮒in Eq．（12）vanishes when m is not equa1to Z．

According1y，

equations of K unknowns．

   a）

（ツニ0，α）are suPPorted．

the unknowns吻

                              0          α  北

                           Fig．1Aahapeofap1ate

                                andπ，γc00rdinates．

can be determined．by so1ving L times the simu1taneous

The square p1ate whose two opposite sid．es（κ二0，α）are c1amped and the others

In this case the bound．ary conditions are satisfied when∫（κ，ツ）is expressed as

       ア（κ，ツ）＝・1nπκ

                   α

Table1 The a㏄uracy of the ca1cuIating method

used in this paper．

ω㎜畑” M舳απ M㈹伽
ユ0－2g・α4／D・ 10－1goα2 10－1goα2

Ca1culated
ua1ueS

0．ユ918 一0．6962 O．2432

Exact
ua1ueS3）

O．192 一一 O．697 0．244

                               （16）

Ta阯e2Examp1es of the convergency of series

K＝z
m肌α皿 M；肌α皿 Mmα皿

一

10■2goα4／Do 10■■g・α2 ユ0■1goα2

20 0．20597 一0．54329 0．35783

40 0．20479 一0．54555 0．36095

60 0．20457 一0．54547 O．36183

80 O．20449 一〇．54504 O．36222

” 0．5α 0，α O．5α

一

                                                                 4π
                                         α＝一05，γ＝05ろ   e＝ユ牛αcos   ”
                                                                  α

To examine the accuracy of the mmerica1method proposed，a ca1cu1ation was performed－

for the particu1ar case whenαis zero，name1y the f1exura1rigidity is unifom．The results

are shown in Table1．The resu1ts given in the tab1e show that the numerica1error is

1ess than l per cent．The bending moment becomes minimum at the midd1e point of the
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sides（κ＝O，α）and maximum at the center of

the pIate．In order to reduce the f1exura1rigidity

ofthep1ateatthosepeakpoints，misassumed2
andαnegative． As an examp1e showing the

convergency of the series，numerica1resu1ts are

shown in TabIe2whenα is－O．5．From the
tab1es it can be conc1uded that the series used

in the ca1cu1ation converges rapid－1y and the

resu工ts are sufficient1y accurate． The abso1ute

va1ue of the maxi血um moment M皿，肌、珊（in the

direction ofκaxis） and Mソ伽㈹（in the direction

ofツaxis）are shown by curves in Fig．2as the

function ofα．The figure shows that the ab－

soIute va1ue of the maximum bending moment

becomesminimumwhenαis－O．86anditsmagni－
tude is reduced to 57 per cent in co］＝nparison

with that in－the homogeneous p1ate．

   b） A simp1y supported square p1ate．

   When∫（κ，ツ）is given as

       ∫（κ，ツ）＝ユ       （17）

the boundary conditions are satisfied． In this

casewetakemequaItolandαpositive．The
maximum va1ue of the bending momentbecomes

minimum whenαis0．7and the va1ue is rθduced to

70per cent in comparison with that in the homo・

geneous p1ate as shown in Fig．3．When E is the

fmction ofκandツthe maximum va1ue of the

bending moment can be reduced furthermore．

But the numerica1ca1cu1ation becomes more1a－

borious since B芸㌘does not vanish even if m is

nOt equa1tO Z．

…
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 The maximum va1ue of the bending
moment of a uniform1y Ioaded square
p1ate whose opposite sides are clamped

and the others are simply supported．

O．7

O．6

O．5

O．4

O，3

二1二L

O     α  工

M工㎜o工

M moカ

0．2   ε＝1＋α。。。勾

O．1

                                                    O
                                                         O．2    0．4    0．6    0．8    1．0

              5． Conc1usion

   The d・ifferentiaユequation of the d・ef1ection  Fig．3 The maximum va1ue of the bending

surface of an inhomogeneous thin p1ate was     moment of a uniformIy1oaded and
                                                  simp1y supPorted p1ate．
derived and so1ved－by the use of a d－oubIe trig－

onometric series．The numerica1resu1ts show that the accuracy of the method．proposed

herein is sufficient1y good and the numerica1error is1ess than・1per cent and the conver－

gency of the series is rapid enough for practica1use．Accord．ing to the numerica1resu1ts

for uniform1y1oaded square p1ates，it is found－that the maximum bending moment

occurring in inhomogeneous p1ate can be reduced consid－erab1y in comparison with that

                                     （5）
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0ccurs in homogeneous p1ate when Young’s modu1us varies in one d－irection onIy．

   The resu1t，however，d－oes not indicate that an inhomogeneous p1ate三s better than a

homogeneous p1ate because the p1ate having the prescribed．e1astic property camot be

avai1ab1e a1ways，and furthermore the a11owab1e stress at the peak point affects immedi－

ate1y on the strength of the p1ates．

   Neverthe1ess，those resu1ts obtained here are of theoretica1interest from the stand．

point of strength of materia1s．
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