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                   Ray Tracing of Whistler Waves 

 Kunihiro SUZUKI* and Kiyohide BABA** 

                             (Received September 1, 1970) 

                Authors consider collisional effects on whistler ray paths which 
             are essential to the phenomenon of the penetration of whistler waves 
            through the lower boundary of the ionosphere. An investigation is 

             made of the ray equations suitable for inhomogeneous waves. 
                 Some ray paths are numerically computed in the case of "pen-

              etration" above mentioned, by means of our formulation. 

                               1. Introduction 

   In the last ten years, many experimental data have been obtained as to the 

propagation of VLF waves such as "whistler-mode". Calculations of whistler ray paths 
are needed in order to understand these experimental results and we can use a set of 

differential equations for ray tracing suitable for inhomogeneous, anisotropic medium, 

which has been already established in some references.1)'2) We are interested in the 

investigation by means of the given procedure, how the ray paths vary with frequency, 

latitude, initial wave normal angle, electron density profile and other variables. This 

continuative work is still now important and provides a basis for comparison of the 

theory with the experiment, which was first attempted by I. Yabroff.3) 

   Their formulation is, however, based on the assumption that effects of the collision 

between electrons and neutral particles are neglected, or negligibly small. It can not 

be immediately applied to the case in which the collisional effects are dominant. We 

should consider these effects in the neighborhood of the lower boundary of the 

ionosphere where the electromagnetic wave can not propagate without the collisional 

effects, i.e. "cut-off". These effects may not be so effective to the total characteristic 

of ray paths and the value of the dispersion of whistler waves observed, as to the 

phenomenon of the penetration of whistler waves through the lower boundary of the 

ionosphere. 

   The present work is to develop the ray equations suitable for inhomogeneous waves, 

the direction of whose wave normal is expressed by the complex angle. The reason 

we must treat waves of this kind is just the result of the facts that Snell's law is 

satisfied and that the refractive index is complex number because of finite collisional 

effects. The intension of our treatment is equivalent to that of Booker quartic. 

We take a model of the flat ionosphere which is appropriate to describe the local 

region of the lower boundary of the ionosphere, but the extension of the procedure 
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to the case of a curved ionosphere may be straight forward．Iムsection2，some

properties of inho町。geneous waves are i11ustrated and section3is devoted to describe

our procedure of ray tracing．An examp1e of the resu1ts of mmerica1computation is

shown．

                   2．Wave’Norma1of hhomog㎝e㎝s Waves

   Considering a straight sharp boundary between homogeneous p1asmas and vacuum

with no static magnetic丘e1d，the refractive ind．ex M’is in genera1written as

         〃二（μo一クXo）（sinθoづ十。osθo尾），  （1）

in pIasmas，whereμo，Xo are rea1mmbers

andづ，尾are unit vectors and the direction of

the strati丘。ation of a p1asma density pro丘1e

is expressed as κ一axis，as shown in Fig．1．

The cond．ition that Sne11’s1aw as fo11ows，

           （μo一グXo）sinθo＝sinθ言，      （2）

is to be satis丘ed，requires θo to become

comp1ex mmber，whereθξis the rea1ang1e

of the incidence of the wave incid－ent on the

p1asma．

   Some丘e1d quantity A is expressed as，

          A o⊂ exp［一ク后M’・7コ

z

M
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μ
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θ’
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                                            Fig．1 The vectorsμ，X，M in Eqs．（1）

                                                  and一（1’）are shown in the

                                                  coordinate system．

                  ＝exp［一ク島｛（μo一クXo）sinθoκ十（μo一ダXo）2cosθo｝コ

                  ：exp［一ク后κsinθ毒コ・exp［一助（μ〇ニダXo）2coSθoコ，             （3）

where后is the前ave number in vacuum which depends on wave frequency．We can

convenient1y express the refractive index，〃，in another form as，

                                 M＝トクX， 、        （1’）

where X is demanded to be taken toward急一direction by Sne11’s1aw．

   Sne11’s1aw is given as，

                                 μsinθ＝sinθ5．                        （2’）

Fie1d quantity is now given as，

             A氏」exp（一助μ・7）・exp（一奴・7）

                  ＝exp｛一ゴ后（μκsinθ十μ2cosθ）｝・exp（一々Xz）

                  ＝exp（一ダ后κsinθ4）・exp（一ゴ々μ2cosθ）・exp（一々X2），          （3ノ）

where the ang1eθ，is rea1number in Fi9．1．The factor｛一晩（μo一ダXo）zcosθo｝，in Eq．

（3）is easi1y rewritten as｛一ダ切zcosθ一々X2｝in Eq．（3！）as fo11ows，

                 （μ0－2×0）COSθO＝〉（μO－2XO）2一（μ0－2XO）2S1n2θO

                              ＝ぺM2－S1n2θ、

                              ＝〉（μ2－X2－22μXcosθ）一μ2s1n2θ

                              ＝へ／μ2coS2θ一2ψXcosθ一X2

                              ＝μcosθ一クX．                               （4）

                                                           Memoirs of Chubu
                                    （2）
                                                           Institute of Techno1ogy



                          Ray Tracing of Whist1er Waves             55

Eq．（3）is equiva1ent to Eq．（3’），and we may understand the direction of the wave

norma1of inhomogeneous waves to be expressed with rea1ang1eθ，rather than comp1ex

ang1eθo．The refractive index M，is obtained by so1ving the dispersion re1ation in the

a1ternative form such as Eq．（1’）in the fo11owing．

3． Proced11re of Ray Traci皿g

   The wave packet is genera11y expressed as fo11ows，

                     ・（・・1）一／〃・ω）…／l（ω1一州／・ω〃・   （・）

Integrating for the variab1e of尾’，we shou1d take up the so1ution of the dispersion

re1ationforagivenωas，
                                 〆＝〃（ω）。                          （6）

We put〃as fo11ows，

                              μ＝后M＝后（μ一クX），           （7）

where the terms，μ，X express the behavior of the wave norma1and the damping

effect of waves，respective1y．The position of the wave packet，or the position of ray

is fomd－from the condition that the exponent in Eq．（5）must be stationary with

respect to variations of the direction ofμand the wave number后 （the we11－known

princip1e of stationary phase）．Hereafter，we can take the same proced－ure as given in

the reference，1）except that we takeμ＝1μ19iven in the reference forμwhich we have

gotinEq．（7）．Asetofdifferentia1equationsforraytracingisgivenasfo11ows，

                           穿一チ。（μ・・1一…138）・

                           与一βガ（μ…1…1話）・   （・）

                           m＝＿・。mθ∂μ

                           励  μ2   ∂2’

in the two dimension．The coordinate system

taken in the above equation is shown in Fig．2．z

It is noted－thatψ（ang1e between〃and γ）

is comp1ex number．This fact shou1d be paid

attention to when the quantity μand its

derivatives which are necessary for the

righthand side of Eq．（8），are ca1cu1ated－from
                                              θ
the App1eton－Hartree formu1a．These quanti一       ψ
                                              φ

ties are obtained from the fo11owing simu1－

taneOuS equatiOnS．                      X

  （μLX2－2ψXcosθ）＝M2（ψ），    （9）

  ［（μsinθ，0，μcosθ） 一ク（0，0，X）コ2＝ハ42（ψ）， （9’）

      μCOS（θ一φ）一クXCOSφ
cosψ＝

VL。・一・，μ・、。、θ，
（ユO）

μ     Y

Fig．2The coordinate system and
      some variab1es in Eqs一（8）．

7

（3）
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           2X（1－X一ダZ）

M2（ψ）＝1’ D ・
D＝2（1＿X＿クZ）（1＿ダZ）一γ2sin2ψ十S，

 S＝士〉74sm4ψ十4γ2（1－X－2Z）2cOs2ψ，

             ∂μ＿ 亙、C…一万ξC。

             ∂θ B．Cr凪C、’

             ∂μ＿ F7Cξ一八C。

             ∂z 夙Cr凪0ガ’

B≡B、十把、一A（μ一1X。。。θ）一M∂M。。。（θ一φ），

                           ∂ψ

                             ∂M
C…C・十ダCF－A（X＋ψ…θ）十ダM∂ψ・・sφ・

                            ∂M＝

E…万、十ク風＝一μ［A（クXSinθ）十M  Sin（θ一φ）コ，
                            ∂ψ

目γ・1・FM・・mψ（裟書ξ・等書ξ）・

A…ん十2ん＝ ∂M   COSψ一MSinψ，∂ψ

書卜（M2凹1）篇mψcosψ／・一夫／γ・・1・・ト・（1一・一1・）・／〕・

書￥一｛。／・X一・・1・・（M・一1）／・一1・・吾γ・（・一X－1・）・…ψ／〕・

牛㎡。／・・（M・一1）／・斗・1・・吾γ・（ト・一1・）・…ψ／〕・

（ユ1）

（12）

（13）

（14）

（15）

（16）

（17）

（18）

（19）

（20）

（21）

（22）

（23）

where
     X＝norma1ized e1ectron density＝（Ne2）ノ（ω2mεo），

     γ＝norma1ized magnitude of the earth’s magnetic ie1d vectorγ＝（eB）ノ（ωm），

     Z＝ norma1ized co11ision frequency＝γoノω，

     ψ＝ang1e betweenρandγ＝cos■■（ρ。γ、十ρθγθ十ρφγφ）ノ（μγ），

     ノV＝e1ectron density，

     e＝charge on an e1ectron，

     m＝mass of an e工ectron，

     ω＝angu1ar wave frequency＝2π∫

     εo＝die1ectric constant of free space，

     γo＝co11ision frequency in co11isions per second．

Ang1esθ，φand一ψare shown in Fig．2．

   The reason why we put the refractive index M，in the rather si岬p1e form1ike

Eq．（9’）is that our purpose is to丘nd the co11isiona1effect on the coup1ing between

the waves in the ionosphere and those in the atmosphere，where the direction of the

1oca1stratiication of an．e1ectron density pro丘1e in the1ower boundary of the ionosphere

may be taken to be constant，κ一direction，or X is taken to have a constant direction；

2－axis．γis taken to be1oca11y constant by the same reason．Eq．（8）一（23）can on1y

be app1ied to the ray paths in the magnetic meridian p1ane and the refractive index

〃in the form1ike Eq．（9’）has a rea1κ一。omponent which is on1y app1ied to the case

of the wave propagation being coup1ed with the e1ectromagnetic waves in the

                                                           Memoirs of Chubu
                                    （4）      I。。・i・。・。。fT。。h。。1。。。
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atmosphere be1ow the ionosphere．When the waves incident from above on the1ower

boundary of the ionosphere do not penetrate into the atmosphere，theκ一。omponent of

the refractive index M’cannot be rea1va1ue．

   Aso1utionofthedispersionre1ation，Eq．（9）and（10）isshowninFig，3forthe
fo11owing parameters，X＝100．0（number density of e1ectrons N＝30．0ノ㏄），γ＝ユ00．0

（magnitude of the earth’s magnetic丘e1d H＝0．2gauss），Z＝10，O（frequency of co11ision

of e1ectrons with heavy partic1es v＝3．0×105c／s），where wave frequency∫＝5kc／s－

These parameters are about typica1va1ues for the ionosphere at the height of severa1

ten ki1ometers over the ground，the region of which are under the discussion．φ二〇．Oo，

30．O。，45．0．and60．0．is corresponding to the magnetic1atitude of90．0。，41．O。，26．5．and

16．Oo，respectiveユy．The broken1ine denotes the so1ution of homogeneous waves for

the same parameters，in whichψis rea1．

φ＝60回     5

φ：45．
                     4

φ＝30．
                       3

φ＝0。

μ              、

1        ＼

μ

6  5  4  3  2  1  0  1  2  3  4  5  6

      醐g．3 So1utions of Eqs．（9）and（10）for X；100．O，Y＝100．0，Z＝10．0，

            φ二0．0o，30．0o，45．0o and60．0o．

   An examp1e of the computations of whist1er ray paths is shown in Fig．4．

Parameters of the medium at the starting point of the ray paths which is at the

height of70．0km over the ground，are X＝100．O，γ＝100．0，Z＝10．O，φ＝45．0．and－initia1

wave norma1ang1esθare taken to be180．O。，200．O。，215．0o，225．0o，and230．O。．These

parameters are corresponding to the whist1er waves arrived at the Kasugai Observatory

near Nagoya City from the Southem Hemisphere．A mode1of an e1ectron density

proi1e and frequency of co11ision is as fo11ows，

             ノVぽ （z＿40．O）2     for 2 ≧ 40．O，

             ノV ＝ O             for 2 ≦ 40．0，

             γぽexp （一z／10．O），

where2is the height over the ground－in km．

（5）
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           醐g．4Whist1er ray paths starting from the ionosphere at the height

                 of70．0km over the ground（“penetration”of E．M．waves from

                  the ionosphere into the atmosphere）。

                          4． C011－c1皿sio皿a．nd lDisc11ssio皿

   It can be conc1uded by our severa1resu1ts of numerica1computations that as the

direction of initia1wave norma1approaches to the direction of the earth’s magnetic

丘e1d，the horizonta1distance of the arriva1at the1owest boundary of the ionosphere

from the start加g point becomes1onger．However，in order士。 derive a genera1ru1e

of ray paths of inhomogeneous waves，more numerica1computations are to be carried

Out．

   Our formu1ation has severa1restrictions described in section3，which is not ab1e

to be app1ied to the work of tracing the tota1ray paths in the curved ionosphere．In

such a case，we must so1ve the dispersion re1ation1ike Eq．（9）and（10）by considering

that the projection of 〃＝μ＿ダX in Eq．（7）on the direction of1oca1stratiication is t0

be conserved（Sne11’s1aw）． A set of Eqs．（8）dominates the variation ofμ，that is，as

far as the rea1part of M，Sne11’s1aw is automatica11y satisied by Eqs．（8），but it

shou1d be noted that the tangentia1component of the imaginary part of〃。n each

boundary is a1so coserved through a11the steps．

   The different‡a1equations（8）is so1ved by the method of the Runge－Kutta－Gi11

process． The use of a丘nite step size means that the curve is being rep1aced by a

series of straight1ine segments．This can1ead to errors known as trmcation errors，

and to reduce that the step size shou1d be as sma11as possib1e，However，it is not

appropriate to use too sma11a step not on1y because of a too1ong time of computations

                                                             Memoirs of Chubu
                                     （6）      I。。ti。。t。。fT、。h。。1．g。
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but a1so because of a丘nite effective igure of the rea1machine．We can have the

integration curve becoming de丘nite before using such a sma11step size，except for the

use of the e1ectron density proi1es which are particu1ar1y steep．

   NumericaI computations are made on Facom270－30．
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